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Abstract

W Virginis is a 17-dey varlable ster which 1is
considered to be the prototype of population II Cepheids.
An anslysis of the physicel conditions in W Virginis
during its cyclic varistions has been made from the
following data: High dispersion (10 X/mm,) Coude plates
were measured for radisl velocitles (by R.F.Sanford) and
lines intensities which yielded curves of growth. Also
used were a light curve in one color {Gordon and Kron)
and colors (Whitford and Code).

The observations indicate an expansion of about
36x10° km. and then & subsequent contraction. The first
indication of a new expansion wave 1s the appearance of
hydrogen emission lines, formed deep in the atﬁosPhere.
Later the outward?moving region of gas produces gbsorption
lines like that of an F-type star. These galn in strength
untlil maximum expansion. This is also a time of minimum
electron pressure and nearly minimum temperature. During
the contraction the electron pressure, temperature,and
opacity rapidly increase. Also just after maximum
expansion the appearance of a new set of hydrogen emission
lines from deep in the atmosphere indicates the start of a
new outward-moving wave. There 1s & time of several days
during which absorption lines are seen from the two masses

of gas: the one falling downward and the other moving upward.



As the spectrsl features of the downward-moving region fade,
those of the upward-moving region increase toward meximum
strength. Data derived from the two simultaneous sets of
absorption lines indicate very different conditions in the
two regions.

It was found that relative radii derived from
light and color curves could not be compared with displace-
ments derived from the radial veloeity curve, because, perhaps,
the ﬁ%ions predominantly forming the continuous and line
spectra have different motions. The extremely red colors
and the large appargnt temperature gradignt, both particularly
at maximum expansion, may be due to the presence of an

extended atmosphere,
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I. Introduction

Cepheid varisbles are stars that show periodic
changes in light and radlal velocity. These changes have been
fairly successfully attributed to radial pulsations. Eddingtonl
has suggested that the large changes in the specific hesats
(by factors of 30 or 40), which accompany the ionization
and recombination of hydrogen in the hydrogen convective zone
of a star, may periodically dam up and release radiation to
the other lsyers. He finds that the stars which should have
well developed hydrogen convective zones are just the ones
which fall in the region of the Cepheid variables in the mass-
radius-luminosity diagrams.

Cepheid varlables show a distinct concentration
to the galsctic plane, pearticularly in the regions of the
supposed spiral arms, snd are not present in globular clusters.
They are clearly members of Baade's stellar population I 2,
However, there are variables in globular clusters that are
somewhat related to the Cepheids. Although these stars have
periods ( 1 to 50 days) like those of Cepheids, they have
distingulshing characteristics. There are a few of these
population Il variables in the general field of stars in the
galaxy, the brightest and best example being W Virginis. For

this regson these population II varisbles, particularly those

of periods 13 to 19 days, are cslled W Virginis variables.



W Virginis is 1dentified as a population II

variable rather than a classical Cepheid for the following

reasons?

1)

2)

5)

The light curve is abnormal for Cepheids: the maximun

is much broader and has a shoulder on the decline.

The galactic latitude 1s large ( ¢ 58°) so that the star
is several thousand parsecs above the galactic plane.
The hydrogen lines gppear in emission at some pheses.
The radial velocity is high (about 65 km./sec.) and the
proper motion is large for its distance (0.0103"),
indicating that it is probably a high velocity star

(its space velocity is 165 km./sec. for M= -2).

The changes in the star are not exactly periodic from
cycle to cycle; this may possibly also be a distinguish-
ing characteristic for population II variables.

It would be of value to make & study of W Virginis

as an example of a population II counterpart of the classical

r
Cepheids to obtain a model of the changes occuring in the

star and & comparison with classical Cepheids.



Il. Observations

A. Spectra

The spectra used were taken at the Coude focus of
the 100-1inch telescope on Mt. Wilson. The thirteen original
plates taken by Dr. R.F. Sanford, principsally near maximum
light, were supplemented by nine similar plates taken near
minimum light. Sanford measured all the plates for radial
velocities and I used them to construct curves of growth
from measured line intensities. Plates taken at similar
phases by Sanford and myself gave similar results, indicating
no systematic differenceé between the two sets.

In March 1949 the 1l4-inch collimaeting mirror and
the 15,000 lines per inch Wood grating were replaced by a
184~inch collimator and a Babcock grating of 10,000 lines
per inch. Since the Wood grating was used in the second
order blue and the Babcock grating in the third order blue,
all plates had about the same dispersion (10 i/mm.). The
Wood grating had the added feature that a piece of red sensi-
tive plate could be put in the plateholder, along with the
faster blue sensitive plate, to get the first order H« region.
The Wood grating had some scattered light in the far ultra-
violet region of the spectrum. The spectra are narrower
with the new, long-focus collimator than with the previous

collimator ( 0.16 and 0.26 mm.). Again no systematic



differences were found between results from the two sets
of plates taken with the different grating-collimator
errangements.

W Virginis (mp = 9.9 to 11.7) is the faintest

g

star of which more than a few 100-inch Coude plates have

been tsken. Since there asre known fluctuations in the

physical parameters from cycle to cycle, every effort was

made to obtain series of plates takenf;ingle cycles. The
following technigues were used to obtaln the spectra:

1) An abnormally wide slit width was used for some of the
plates. A normal slit width is one which gives the same
projected image on the plate as the plate grain size,
namely 12 to 20/w . S1lit widths up to Sq/x were used.

2)  All plates were baked for three days at 50 ©C just
before exposure for added sensitivity. Eastman emul-
sions 1032-0 and IIa~0 were used.

3) The maximum exposure times sllowed by the length of
the night and the position of the star were generally
used. These ranged from 3 to 8 hours but were still
less than 2% of the period.

Step-slit calibration spectra, flanking the stellar

spectra on the same plate, were given exposure times of not

less than 10% of the stellar exposures.



Sanford's radial velocities are given in Table 1
end are plotted in Figure 1 against phases computed from
eq.3. No phase corrections (see next section) were applied
since all the computed corrections occur when the velocity
curve is level. I am indebted to Dr. Sanford for permitting
the use of his velocities prior to publication. The curve
is discontinuous and shows that & new set (shortward com-
ponents) of lines appears before the previous set (longwerd
components) has vanished. These double lines are well
resolved at thils dispersion but were not detected by Joy5
on his low dispersion plates. The veloclities of the emission
lines will be treated in section V.

An sttempt was made to look for effects of strati-
ficetion in the radial velocities. The lines of high
excitation poﬁ}tial, E.P., should be formed predominantly at
e lower level in the stmosphere than other lines. If dif-
ferent layers of the stmosphere have different outward
velocities, there may be & varistion of radigl velocity with
E.P. Four plates were measured completely and 1In some cases
the Fe I lines (up to 200 per plste) of different E.P.
showed redial velocity varistions that were larger than the
probable errors. However, these variations were not consis-
tent between plates at similar phases in different cycles so

thet the results are inconclusive.



Table 1

Redial Velocity Measurements

Plate Phase Radlal velocity in km./sec.
Metals Hem Habs

Ce 5058 0.283 -78.3
5092 1.959 -40.3 -97.1 -39.9
5110 2.650 -49.2 -109.5 -65.4
5187 7.447 -71.6 -69.0
5216 9.242 -89.0 -93.5
5556 23.211 -91.2 =77.9
5616 25.981 -40.9 -1058.4 -38.6
5617 26.042 -92.2 -42.2 <-=100.3 -40.1
5618 26.097 -81.6 -45.6 -94.0 -42.4
5647 28.005 -94.,0 -43,1 -118.6 -38.7
5651 29.163 -94.9 -89.6
6207 46.945 -87.2 -42.6 - 85.5 -36.0
6211 47,004 -92.0 =37.0 - 84.2 -38.5
6889 66.814 -38.3 - 86.7 -36.0
6947 67.451 =73.9
6965 68.604 -51.7 -55.4
7010 70.395 -67.1
7013 70.452 -64.0 -56.0
7017 70.511 -59.5 ‘ -67.3
7080 72.709 -48.6 - 93.8 -53.6
7085 72.767 -44.2 - 94,1 -47.8
70901 72.825 -42.,3 - 89.8 -42.3
7102 72.940 -92.8 -36.4 - 83.9 -40.2

Sanford has classified many of the spectra on the
Mt. Wilson system and finds a variastion from F2 at maximum
light to G2 at minimum., From the almost complete absence of
the G-band at minimum, the spectrum should not be later than
GO, according to the Yerkes system4. The luminosity class
is about Ib - certainly not II or III. The hydrogen lines,

when in absorption only, are much too weak.
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The hydrogen emission lines (Balmer series H«
to at least HB ) vary a great deal from cycle to cycle but
thelr genersl behavior 1s as follows: The lines are strong
from minimum light (phase 0.65 ; see Fig. 4) to about phase
0.90, then fade and vanish at about phase 0.10 . There is
élways a much narrower sgbsorption component present.

During some cycles ( plates Ce 7102, Ce 6207 and
6211, but not Ce 5616-5618 ), when the emission and narrow -
absorption components are of about ecual strength, a very
broad, shallow absorption line 1s glso present. This line
has a central depth of less than 20% of the continuum and e
hglf-width of 14 to 16 Angstroms. Flg. £ shows H§ on Ce
7102 on a density scale, showing the emission, absorption,
and broad absorption components. Table 2 gives the smoothed
intensity contour, r = I,/I, , of the broad absorption line
glone. Its center is within 10 km./sec. of the center of the
emission line.

Table 2

Profile of the Broad Absorption Line, H 8 on Ce 7102

AX\ = L\- 4100.5] r a7 r
1.5 A 0.809 6.5 0.885
2.5 .813 7.5 . 928
3¢5 .826 8.5 . 969
4.5 .844 9.5 1.000
5.5 .862
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B. Phases

Light observations have been made of W Vir since
1868, Using the best epochs of minimum as tabulated by
A, Nielson5, Sanford derived the following period:

Phase of max. light = 2432687.0 + 126944 E, (1)
where E 1s the cycle number. Deviations of the observed
from the calculsted epochs of minimum are given in Table 3
and are plotted in Fig. 3. These seem to indicate the need
for e second order term in the period but its nature is not
yet clear. The epoch in Eq. 1 wes chosen to fit the photo-
electric observations of Gordon and Kron. A least squares
solution, giving all epochs equal welght, gave

Phase = 2432688.41 + 17.27040 E _ (2)
However, differences between Egs. 1 and 2 are small and un-
important during the interval when the spectra were taken.
The following equivalent of Eg. 1 will be used to calculsate
the preliminary phases in Table 4 :

Phese of max. light = 2432687.0 - 7x17.26944
+ 17.26944 E

T 2432566.114 + 17.26944 E (3)
All parameters measured for W Vir show differences
from cycle to cycle which are larger than the expected
probsble errors. There may be two reasons for this: either

1) the system is not strictly periodic, or 2) the system is

- 10 -



Table 3
Epochs of Light Minimum

Obs. Epoch of Nin. 0 -¢C Authority
JD 2404 150.94 (1871) - 1.13 days Schonfeld
2404 219.94 (1871) - 1l.21 Winnecke
2411 715.39 (1892) - 0.69 Yendell
2414 841.37 (1899) - .48 Wendell
2416 533.86 (1905) - .40 Chant (A)
2419 246.23 (1913) + .87 Bemforad
2419 470.13 (1913) + .07 Chant (B)
2423 373.64 (1924) + .69 Haas
2424 997.53 (1928) + 1.24 Graff
2432 698.45 (1948) .00 Gordon & Kron
2433 800. (1951) 0.00 to +1.04 #hitford & Code
2424 300. (1926) + 1.21 Joy (radial vel.)

periodic but the shspe of the variations with phase is
different, or more extreme, in one cycle than enother. The
actual situastion may be a combination of the two cases.
Corrections to the preliminary phases could be made
on the basis of several of the observed variable parsmeters,
e.g. light, velocity, color, line strengths. It would not

necessarily be true that each of these criterla would give

the same corrections. However it was found, for instance,

- 11 -
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Teble 4

Preliminary Phases

Plate Date & Time (PST) from Noon JD Cycle &
Phase

Ce 5058 Jan. 19, 1948 14:30-18:00 2432 571.008 0.283
5092 Feb. 17, " 12:25-17:00 599,946 1.9589
5110 Feb. 29, " 11:23-15:00 611.883 2.680
5187 May 22, " 7:40-10:55 694.720 7.447
5216 June 22, " 7:40-10:43 725.716 9.242
5556 Feb. 18, 1949 13:12-16:45 966,957 23.211
5616 April 7, " 8:55-13:25 2433 014.799 25.981
5617 " g, " 9:30-15:00 015.843 26.042
5618 " g, " 8:25-13:25 016.788 26.097
5647 May 12, " 8:15-11:55 049.753 28,008
5651 June i, " 7:50-12:00 069.746 29.163
6207 April 4, 1950 10:00-14:10 376.836 46.945
6211 " 5 " 11:30-13:30 377.854 47.004
6889 Marech 13, 1951 12:38-17:08 719.954 66.814
6947 n 24, " 13:03-16:48 730.955 67.451
6965 April 13, " 9:20-16:10 750.864 68.604
7010 Nay 14, 1951 8:02-14:02 781,793 70.395
7013 " 15, " 7:53-13:58 782.788 70,452
7017 " 16, " 8:03-14:03 783.794 70.511
7080 June 23, " 8:00-12:13 821.754 72.709
7085 " 24, " 7:52-12:10 822,751 72.767
7091 " 25, " 8:08-12:03 B823.753 72.825
7102 " 27, " 7:50~-11:80 825.743 72.940

that the phase corrections derived from line strengths
reduced the scatter in the temperature curves. In no case,
however, did the phase corrections change the shape of a curve.

It was found that with the adopted preliminary
phases, during the double line phase the change over from
strong longward components to strong shortward components did
not occur at the same phase each cycle. Since a knowledge of
the physical paremeters at the phases of double lines is

paerticularly significant, it is desirable to make the data

- 13 -



from various cycles consistent at these phases. The change

in strength with time of the lines at these phases is very
large. Hence I used the strength of two control lines,

A 4077 Srll and 24554 Ball, as a sensitive criterion of phase
corrections. Table 5§ gives the derived corrections. These
data indicate that phase corrections (if necessary) for
successive cycles are unrelated but during part of one cycle

they are the same.

Table 5

Phase Corrections

Plate Preliminary Corrected Correction
Phase Phase

Ce 5058 «283 . 358 _ + .070
58656 .211 «196 - .01%
5651 .163 123 - .040
6207 « 945 . 040 + 095
6211 . 004 .089 + .085
7102 « 940 .030 + .090

- 14 -



C. Light and Color Curves

At Sanford's request, Gordon and Kron % optained
a photoelectric light curve at about the same time as that
of the first high dispersion spectroscopic observations.
Their 1P21 photomultiplier tube and filter combination gave
an effective wave length of 5000 A. 4n average of four
observations on each of 16 nights were made durlng three
cycles. At one maximum, Eggen & found the International

photographic magnitude, to be 10.13 . The zero point

Fep?
of their magnitudes at ) 5000 is otherwlse unknown. Their
observations are glven in Fig. 4 .

At my request, Drs. A.E. Whitford and A.D. Code
kindly consented to obtain colors of W Vir with the 60-inch
telescope on Mt., Wilson in June and July, 1951. A refriger-
ated 1P21 photomultiplier tube was used behind a 1 mm.
‘Schott BGl2 filter or a 2 mm. Schott GG7 filter for bluse
and yellow magnitudes respectively. A Corning 7380 glass
filter was used in all cases to cut out the far ultraviolet.
The effective wave lengths, for stars with effective temperatures
within a few thousand degrees of 5000°K, are 4260 and 5280 3.
No comparison star was used, but stars #l1 and #52 in Selected
Area 57 (at 33° from W Vir) were generally used as extinction
stars. ©Single measures on 12 nights during two cycles were

obtained. The weather was falir. International photogrephic

megnitudes, ng, visual magnitudes, V, and photoelectric colors,

- 15 -
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Cp (which are the same as International colors, Cipt), were
obtained. Table 6 gives the data; the colors are plotted
in Fig. 5.

There are probably not enough points to justify
all parts of the color curve, i.e. the color at minimum
light could be redder and the two points before maximum
may be unusually blue. It 1s unfortunate that all the ob-
servations asre from two cycles only since either or both
of these cycles may have been unusual ones. However, we
have no reason to suppose that the co%;s are not typical

of most cycles. The probable error of their measurements

is 3 0%02, so the observed difference of O%¥2 between the two

Table 6

Colors and Magnitudes (Whitford and Code)

Date Time JD Cycle & Cp ng ')
1951 PST Fhase
June 2 11:38 2433 800.804 71.496 +0.99 10.80 9.81
3 8:30 801.688 . 547 .99 11.48 10.49
6 9:20 804.722 723 .80 11.67 10.87
7 9:07 805.713 .780 .74 11.42 10.68
8 10:28 806.769 .841 .66 11.16 10.50
25 8:11 823.674 72.820 .48 10.75 10.27
26 8:05 824.670 .878 .29 10.34 10.05
30 8:21 828.681 73.110 .49 10.14 9.65
July 1 10:21 829.765 173 .61 10.13 9.52
2 8:48 830.700 . 227 .64 10.23 9.59
3 8:23 831.683 . 284 .70 10.46 9.76
4 8.33 832.690 . 342 73 10.43 9.70

- 17 -
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cycles at phase 0.8 1s intrinsic.
From Whitford and Code's observations at A 4260
and A 5280 and their colors we can obtain magnitudes at

A 5000, mgogps from 3

- 5280 - 5000
m5000 * M5280 * B350 - 4260 °P (4)

In Fig. 6 I fitted these observations as best 1 could to
Gordon and Kron's light curve. We see that the observations
in cycle 72-73 fit well enough, but those in cycle 71 are
very discordant. Assuming a different epoch for Whitford
and Code's observations would not help very much. This curve

indicates P = 9.88 at maximum, as compared with Eggen's

&P
value of 10.13 . Using 425 Harvard patrol plates, C.A.Chant’
obtained a maximum photographic magnitude of 9.80, and

S. Gaposhkin's survey of 713 Harvard plates yielded a

maximum photographic magnitude of 9.85 . Since I cannot
reconcile the Whitford-Code and Gordon-Kron measures, I will
arbitrarily assume the following as representing the best data:

1) the light curve by Gordon and Kron for A 5000, 2) colors

by Whitford and Code, and 3) myogy = 9.9 at maximum.

- 19 -



M5000

FIG. 6

WHITFORD~-CODE ™

O CYCLE 7
o " 72-73

5000



III. Spectraphotometric Reductions

A. Theory of Curves of Growth

In theoretical curves of growth we plot the
logarithm of the absorption line strengths in units of the
Doppler width against the logarithm of the réﬁo,b s of line
to continuous absorption coefficients. The Doppler width,
29 Ds are

2
OJD = (5)

ol
"
owd
)
N
&
3
<
e
G
. 0f-

where M is the mass of the atom in grams, T 1s the kinetic
temperature, and vp is the mean turbulent velocity. The

line absorption coefficient per atom is

17 e 1
8y, —S— f 55 (6)

Then if Ng is the number of atoms per gram in state s
(i.e. capable of absorbing radiation at the wave length of
the line), then at the center of the line,

¥, = Ng 8y, (")

where k  1s the continuous absorption coefficient. Then

in terms of wave length units,

= IFe2 Nofa ~bex X 8
o me< VB(Tex)%R

where N is the total number of atoms per gram, B(Tex) is

the partition function, T 4 = ?QQQ is the excitation
ex

temperature, and X is the excitation potential. 1In the

- 2] -



Milne-Eddington model atmosphere we assume that the regions
in which the lines and the continuous opacity are formed are
coincident, or that 7 , is a constant with depth,.

The shape of the curve of growth depends not only
on the above parameters but also on the parameter a, which

is proportional to the damping constant, [

a = L _T (9)
477 At)D

This includes both radiation and collisional broadening.
The theoretical curves of growth used are those calculated

for the total flux from a star on the Milne-Eddington model
by Wrubel®.

- 22 -



B, Measured Curves of Growth

1) Equivalent Widths

Microdensitometer tracings of the spectra wers
made at a magnification of 100. Using the step siit calil-
bration spectra, intensity calibration curves were construct-
ed every 200 3. With these I converted densities on the
tracings to relative intensities. For about 4/5 of the
lines the calibration curves were sufficliently linear over
the depth of the line that the line could be represented
by a triangle and its equivalent width gotten from the
central intensity and the base width in Angstroms. For the
rest of the lines equivalent widths had to be gotten by a
numerical integration method. When double lines were
present the resolution was sufficient so that‘there was no .
difficulty with overlapping.

All the measured equivealent widths, W, in Ang-

stroms are given in the Appendix.

2) Sources of Atomic Absorption Coefficients

The abscissae of the observational curves of growth
are log gfA . The f-values used for the Fel lines come
from three sources: 1) the lsboratory determinations by

9 10, 2) values derived from solar line

King and King® and Carter
intensities snd curves of growth based on Kings' f-values by

K.O. Wrightll, and 3) values derived from line strengths in

- 23 -



the spectrum of 7 Ursae Majoris by J.L. CreensteinlZ,
Although the laboratory f-values are probably the most
accurste, there are not enough of these avallable. Also

they do not include the small, undetected blends that may

be present in stellar spectra but not in laboratory spectra.
The relative weights given to the above three sources are
3:1:1 in the order given. The zero points of the three

log gfA scales are different. A compariéon of the log gfx
values for lines common to two or more sources give the fol-
lowing zero point corrections by least squares solutions:

(108 705(7) + 0.01x] . [ 108 gg'/Ki;g—z.w + .19 (10)

[log No(7) ¢ O.917L] JLG- [log Xe + LO@KOW el

1.20 ¢ .11 (11)
[l'og Nl 7) ¢ 0.917‘67 I [log Xe + LOMQOW =
3.00 4 .23 (12)

These equations were based on 33 Fel lines, 44 Fel lines, and
20 FelIl lines respectively. Here log 7,( ) is the abscissa
for 7 Ursae Majoris for which 9ex = 0.91 and log X, 1s the
abscissa for the solar curves of growth for which o _, = 1.04 .

No laboratory f-values for FelIl are available. All scales of

f-values were corrected to Greenstein's zero point before

- 24 -



averaging. The final averaged vslues ere given in the

Appendix along with the equivalent widths.

3) Excitation Temperstures

The lines of Fel group themselves 1in groups
according to excitation potential, E.P. (i.e. O to 0.12 ev.;
.99 to 1.01 ev.; 1.48 to 1.60 ev.; etc.). Individual
curves of growth were plotted for these EP groups; these

eexx

should differ from each other only by the factor log 10~
in the abscissae. Hence horizontal shifts, 4 log Vo
necessary to make them coincide will determine the excita-
tion temperature, Tex = %gfi . A typlcel curve of
horizontal shifts versus excltation potential for a plate
is given in Fig. 7 . Actually the curves of growth for the
EP groups were fitted individually to the adopted theoretical
curvé.

The excitation temperatures for Fell were assumed
to be the same as for Fel,
4) Perameters of Curves of Growth

The parameters log a and log v/c were determined by
fitting well defined curves of growth for sets of.lines with
nearly the same EP to the theoretical curves or by constructing

composite curves from the various EP groups and fitting them

to theoretical curves. A typical curve of growth is shown in

- 25 -
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Fig. 8 .

The log f values that we have been using for Fel
are correct on a relative scale, but the zero point is
without meaning. We could put them on an absolute scale
by subtractinngVS.VS from each log f on King's scele.
However, these f-values would still be unrelated to those
of Fell, so I chose to reduce the results by comparing my
parameters with those from curves of growth for the sun,
whose degree of ionization is known. After correcting for

the EP of each line,

(7 Q;W Vip %Vék;w (vécgg
log 7 o) = logn/ ) + log 77, ”
B(T
+ log Toxiw (13)

The parasmeters for the sun were found to be (using the

[

sgme lines esnd f-values):

loga = -1.8

log v/e = =~ 5,13 (FeI)
= - 5.19 (FeII) (14)
log Mo «59 - 1.04  (Fel)

- 3.84 - 1.04 (Fell)
The values of the partition functions, B(Tex) were calculated
has a function of excitation temperature only and values of

log v/c for W Vir were obtained from the curves of growth.

(N/k)

Hence we obtained values of log /%
)

» the logarithm of
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the ratio of the Fel sbundance to the continuous opsacity
for W Vir as compared to thet in the sun. This ratio for
FelIl was found also, namely log %%%ég%! « In Teble 7
are listed in the order of corrected phaze the parameters
derived from the curves of growth. The quantities in
parenthesis were sssumed; these were all the excitatlion
temperatures for Fell (assumed to be the same as for Fel),

and some of the log a and log v/c (derived from plates at

nearly the same phases). Seventeen plates, with an average

of 105 lines per plate, were analyzed.

Teble 7

Hesults from Curves of Growth

Plate Phase Comp. El. log a log v/c loghlk #
Prelim Corr Ocx N/k 1ines

Ce 5110 .650 .650 Fel - 1.8 -4,76 1.46 0.39 90
FeIIl (- 1.8) -4.70 (1.46) 1.48 17
7080 .709 .709 Fel -1.8 -¢.62 1.38 - .14 63
FeIl (-1.8)(-4.62)(1.38) .84 16

7085 767 .76%7 Fel -1.8 -4.49 1,28 - .99 75
FeIl (-1.8)(-4.49)(1.28) .24 17

7091 .825 .825 leong. Fel (-1.8) -4.45 1.12 -1.45 66
FeII (-1.8)(-4.45)(1.12)- .25 18

short. Fel 11

Fell 0

5616 .981 .981 long. Fel (-1.8) =4,42 1,08 -2.48 35
FeII (-1.8)(-4.42)(1.08)- .38 11

short., Fel 29

FeIl (-1.8)(~-4.80)( .96)-1.31 11

+ .28
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Ce 5647

7102

6207

5617

6211

5618

5651
»5556
5058
7010
7013

7017

.005

. 940

. 945

.042

. 004

. 097

. 163

211

« 283

« 595

452

.511

.005

. 030

. 040

042

0089

. 097

123

.196

. 358

« 395

452

.51l

long. Fel
Fell
short. Fel

FeIl

long. Fel
Pell

short. Fel
Fell

long. Fel
Fell

short. Fel
Fell

long. Fel .

Fell
short. Fel
Fell

long. Fel
Fell

short. Fel
Pell

long. Fel
Fell

short. Fel
Fell

Fel
Fell

Pel
Fell

Fel
Fell

Fel
Fell

Fel
Fell

Fel
Fell
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("'108) "4:049 1011 -1082

8) -4,35 1.13 -2.97
8) -4.60 (1.13)- .42
8 -4.76 .96 -1.78
8 -4,90 ( .96)- .01

+ .27
[ ) "4.66 1009 -1062
. ) "4080 (1.09) 028

) -4.40 1.10 -2.33
)(~4.40)(1.10)~ .98
) -4.80 .94 -2.12
)(-4.80)( .94)-1.28

(«1.8) -4.64 1.05 -1.33
("1.8) ""4058 (1005) 004

(=2.2) =4,40 1.36 =-2.27
(«2.2)(~4.40)(1.36)= .77
-2,2 -4,78 1.07 -1.38
(-2.2) ~4.86 (1.07) .45

-2.2 -4.80 1.25 - .4%2
"108 -4-80 (1.25) 079

“202 ‘4.74 1022 - 011
-1.8 =4.86 (1.22) 1.36

"202 -4068 1018 - 017
-2.2 =4.86 (1.18) 1.79

"1.8 "4:078 1029 hd 007
-2.2 =-4,84 (1.29) 1.62

-1.8 -4,70 1.28 - .01
-2.2 -4.80 (1.28) 1.53

‘202 -4065 1027 007
-1.8 =-4,74 (1.27) 1.26

26

69
16

131
19

80
15

72
18

112
20

125
21

112
19



C. Discussion and Cslculations of Parameters from Curves

of Growth
1) Damping Constants

The values of the damping constant parameters, log a,
were found to be normal, namely -1.8 and -2.2 . The differences
in log a for neutral and ionized elements is probably not resal.
It is not certain whether there is a real variation of log a
with phase,

Because of the large Doppler velocities, the actual
damping constant, [, came out rather large (see eg. 9). For
normal supergiasnts and dwarfs, the value of F/ybl varies from
about 2 to 10 (ref. 11,12,14). For W Vir this ratio varied
from 7 to 35. The probable error in log a is + 0.4 and

therefore in I /y,; the probable error is a factor of 23.

2) Doppler Velocities

Doppler velocities, log v, are plotted in Fig. 9 .
For kinetic temperatures of 7200° and 4600° the thermal
velocity varies from only 1.46 to 1.17 km./sec. Since the
Doppler velocity dispersion varies from 4.7 to 12 km./sec.,
the changes must be due mostly to changes in turbulent
velocity. The term"turbulent velocity" is used loosely here:
the atmosphere may have turbulent motion with a normal
turbulent spectrum, or the motion may be like that of solar

prominences or in streams, i.e. large mass motion of streamsrs
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of gas, causing multiple but unresolved line components.
The instrumental profile corresponds to 10 to 20 km./sec.,
so that such components could not be detected.

Fig. 9 shows that the turbulent veloclty increases
with phase. Furthermore, three plates with double lines yleld-
ed:! simultaneous determinations of the Doppler veloclty for
both components. Without question, the shortward (or new)
components have the smaller turbulent velocities.

Errors of photometry apply directly to the result-
ing values of log v/c. However, no systematic differences
were found between Sanford's (older) plates and my (newer)

ones.

3) Excitation Temperatures

Excitatlon temperatures for Fel are plotted in
Fig. 10 . The curve 1s well defined and shows the following:
The new, shortward components (phase 0) show a rapid decrease
from a high temperature. The minimum temperature 1s reached
at minimum light (phase 0.65). Three plates with double
lines yielded 1individual excitation temperatures for each
set of lines; the shortward components of these are plotted
a second time, at the right side of the diagram. The difference
in excitation temperature for the two sets of lines is 800°
to 1000°, with the shortward component giving the higher

temperature. The longward component seems to show a rapid drop
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in temperature just before it disappears (phase 0.1). This
seems to be especlally valid since two of these three plates
were taken on successive nights and the second shows a
marked drop in temperature for both sets of lines. All the
excitatlon temperatures derived are very low for an F or

early G-type star.

4) Ratio of Abundance to Opacity

The ratio of abundance of Fel and FelIl to con-
tinuous opacity for W Vir compared to that in the sun
(log (g z . and log ﬁ: § i ) are plotted in Figs. 11
and 12. Since it 1s not likely that the total amount of
iron per gram of stellar materisl varies wlith phase, the

variations shown in Figs. 11 and 12 must be due to changes

in degree of lonization and in opacity.

5) Ionization temperatures and Electron Pressures

We shall now calculate the ionization temperatures
and e#étron pressures from the quantities just derived. In
Table 8 we give the ordinates of the smoothed curves drawn

in Figs. 11 and 12. The ratio of the two guantities 1s the

N'/N

of opacity. This ratio has slso been slighty smoothed out.

relative degree of ionization, log , and is independent

We can calculate the degree of ionization in the sun from the

known mean parameters for the solar atmosphere 15, namely
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Teble 8

Ionization and Electron Pressures
Smoothed A= 4y A = SAO

Phase /’“—“/K‘———‘“\
1 1

- =" =
1o %o%rfk;ogwm logk 6 ,logP, “logk o,  logP,

.00 - . -1.30

.05 -1.74 - .13 2,35 - .03 .73 1l.51 - .51 .78 «99
.10 - .89 .50 2.43 - .94 .83 .55 =1.42 .89 - .05
.15 - .43 1,00 2.55 -1.50 .89 - .13 =1.98 .945- .64
.20 - .29 1.35 2.70 -1.79 .91 - .45 -2.27 .97 -1.00
.25 - .21 1.57 2.85 =-2.01 .92 - .71 -2.49 .99 -1.32
.30 - .14 1.71 2.91 -2.14 .93 - .85 =-2.62 .99 =-l.41
.35 - .08 1.72 2.86 -2,15 .93 ~ .83 -2.631.00 -l.4%2
.40 .00 1.68 2,74 -2.11 .94 - .78 =~-2.591.01 -1.40
«45 .07 1.61 2.61 -2.05 .95 - .74 -2.531.02 -1.35
« 50 .13 1.54 2,47 -1,96 .95 - .61 -2.441.025-1.28
« 55 .19 1.46 2,34 -1.89 .96 - .56 =-2,371.03 -1.20
.60 23 1.36 2.20 -1.78 .965- .47 -2.261.04 -1l.11
.65 .20 1.20 2.07 -1.61 .96 - .29 <-2.091.03 -~ .89
0'70 - 009 090 2.07 -1035 .92 008 -1081 099 - .55

075 - .80 .39 2'17 - 075 0825 .82 "1021 0895 018
.80 -1.30 - 006 2028 - .36 0775 1019 - 084 .85 -69
.85 -1.60 - .30 2.40 - .19 .75 1.30 - .67 .80 .83
.90 -1.83 - .41 2,52 - .09 .72 1.41 -~ .57 .78 .88
095 -2.03 - 048 2.63 oOO .71 1.45 - 048 .765 092
1.00 -2.19 - .54 2.73 .06 .695 1.46 - .42 ,755 .92
1.06 -2.32 - .60 2.79 .14 .69 1.47 - .34 .745 .95
1.10 -2.437- .64 2.86 .21 .665 1.60 = .27 .73 « 99
( 63on)e = 0.95, ( eex)@ = 1.04, and log (P )y = 0.80.
Saha's lonization can be written as:
N? - 4
log T T -1 65,0 - 810g Oion + 9.08 + log g (gex
- log Py (15)

For iron in the sun, log N'/N = 1.07 . Also log N'!'/N' =
- 6.8, so there 1s no appreciable amount of Felll in the

solar atmosphere. The logarithm of the degree of ionization,
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log N'/H, for W Vir is then given in Table 8 and is plotted
in Fig. 13 . We see that the degree of ionization is high
but does not vary much, considering the large changes in
temperasture. We can expect large density changes.

Having the degree of ionization, we have a relation
(eq. 15) between eion and Pe' We need another such relation
to obtain both these guantities. Such a relation 1is the
equation fof the continuous opacity, which is a function of
€ion’ P,, and the hydrogen to metal ratio, A.

The continuous opacity in F stars is due mainly to

H™ and partly to H, and is given by

K o= L= [a(m) g o+ aH)] (16)
ny
where ¥ = mean (over wave length) opacity per gram

) - N(HII)
egree of lonizatlon of hydrogen = greey= =frery

a(H™) = absorption coefficient per H™ ion

XH

a(H) = " " " H atom.
The a(H™) and a(H) are functions of temperature only and are
given by Chandrasekhar and Miinchl®. Also Xy can be calculated
from the lonization equation for H as a function of &;,, and
P.. Hence k can be known as a function of jon and P,.
We can obtain observational values of the mean
opacity k from the quantity log T%éfT; if we make four

assumptions. First, since the source of opacity is probably

mostly due to H™ in W Vir as it is in the sun, the ratio
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between the opacity in the photographic region and the mean
opaclity should be the same, i.e.

(k/ky = (W), (17)

Next we must make an assumption about the hydrogen

to metal ratio in W Vir., There is some indicationl? that
high velocity stars may have a smaller metal abundamce, or a
larger A, by a factor 3 then low velocity sters. Unfortunately
we will not be able to get an explicit determination of 4
and our ionization temperatures and electron pressures will

depend on the value of A chosen. We will calculate nd

eion &

P, for both the solar egbundance, A = A_, and the suggested

o’
high veloclty star abundance, A = 34,.
Our third assumption concerns the amount of Felll
present. We will assume, for the time being, that its
abundance depends entirely on the local ionization temperature
and electron pressure in the atmosphere. This is a normal
assumption 1n a normal star, but in W Vir it may be that there
is an additional source of lonizing radiation just after
minimum light in Lyman emission lines and Lyman continuun.
Neglecting this possibility for the present, we calculate
that the amount of FeIll present is neglible. In fact,
almost all iron will be singly ionized (FeII).
As a fourth assumption, we will neglect the effects

of the composite spectrum during the phases of double lines

(phases 0.8 to 0.1). The strength of the lines formed at
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lower levels 1s reduced the overlepping continuous emission;
that of the lines formed at higher levels 1s less affected.
For the time beling, we must realize that the determinsation
of k is subject to considerable corrections for phases (.8
to 0.1 .

With these four sssumptions it becomes possible to
determine kX, knowing that log (E)@ = - 0.535 , and hence to
relate Oi,, and P_ by equation 16. Then for each phase I
plotted the relation between é;,, &nd P, which gives the
observed opacity and the relation which gives the observed
degree of ionization. A ssmple curve is given iIn Fig. 14.
The intersection of the two curves gives the desired values
of fjopn and P,. The resulting values of log k, #jop, and
log P, are tabulated in Table 8 and are plotted in Figs. 15,
16, and 17 for both values of A. The resulting ionization
temperatures show a minimum at minimum light (phase 0.65)
but the amplitude is much smsller than for the excitation
temperstures. The lonizetion temperatures are much higher
and the difference between the temperstures of the longward
end shortward components is reduced..

To check on the 64,, and log Pe derived for Fel,
the seame were obtalned at one phase for the Ca lines, K and A
4226, for which sbsolute f-values are known On plate Ce
7010 at phese 0.395 we obtained for Ca: oion = 1.04 and

log Py = - 0.35, while for Fe we obtain #4,, = .94 end
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log Pe = - 0.78 . These figures are based on the assumption
that W Vir hss th;rg:—and Fe abundance as the sun. The
agreement 1s probably as good as could be expected for the
probeble stratification for the very strong Ca K line and the

modersately weak Fe lines.

6) Excitation Temperatures for NMgII

To check on the large differences between 6.4 and
@ yon for Fe, excitation temperatures were derived for two
high EP lines of lMgII. These lines also happen to be non-
metastable, unlike most of the Fel lines. To obtain eeX(MgII)
it was necessary to assume an abundance for Mg so that the
number of atoms in the ground state would be known. The
same abundsnce of kg as 1n * Perl? was assumed, and calculations
showed that in both & Per and W Vir practically all lig and Fe
are in the form of ligll and Fell. Then for egual abundances

I assumed

1¢ N'/K)a = [(N'/k)« 18
g[—ﬂm] e o8 [ty (18)

106 (76 8- 108 (7o Dy = tog [ /L] —(g-ou) ox(10)

where log (‘70),< = 2.93, 0.25 for MgII 4481, 4428 respectively
on our scale of f-values; also log (v/cly = - 4.68 and (Ox)gy
= 0.98, according to Greensteinl'?. Since the two lines have

very high EP for their lower levels (8.82 and 9.95 ev.) the
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derived &, = ﬁLl%%jln is rather insensitive to errors
in log 70- Table 9 gives the excitation tempersatures for
MgII In W Vir; these are plotted in Fig. 18 . It 1s seen
that the €,, for the non-metastable levels of MglI fall

between eion and éex for Fel.

Table 9

Excitetion Temperstures for Mgll

A 4481 4428
' EpP 8.82 ev 9.95 ev mean
Plate Comp. Phase Ocx 9. x @ox
Ce 5058 . 358 1.10 1.06 1.08
5110 . 650 1.20 1.20
5616 longwsrd .98l 1.07 .95 1.01
5617 longward .042 1.10 v 1.10
shortward .88 .88
5618 longwsrd ,097 1.04 1.04
shortward 1.03 .96 1.00
7013 .452 1.16 1.16
7085 - L7867 1.15 .95 1.08
7091 longwesrd .825 . 1.05 1.05
7102 shortward .030 .89 .89
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IV. Photometric Reductions

A. Conversion of Colors to Effective Temperatures

In converting from colors, C to effective

p’

temperatures, T it would be convenient to use the six-

er
color photometryof 238 stars by Stebbins and Whitforald,
First, the‘Cp (photoelectric) color scale was found<® to
coincide with the international color sceale, Cint' The
1nternationa§ color scale is based on the colors of nine
North Polar Sequence sters?l. Stebbins and Whitfordl?
give Cy,t and the broad base line color V-I (violet minus
infra red colors for Agep = 4220 2, 10,300 Z) for these
nine stars plus others. A least squares solution straight
line gives:

V-I = -1.582# 0.157 + 2.744 Cypy (20)
The values of V - I are listed in Table 10 for the color
curve of Fig. 5 . Then using their relation between V - I
and spectral classlg, the spectrsl classes given in Teable
10 have been derived.

To convert from colors V-I to temperatures we must
choose between Stebbins and Whitford's T and T2 scales. The
Tl scale 1s based on Ty = 6000° for dGO; for dG2 like the
sun, T} = 5800°. The Tg scale i1s based on Ty = 6700° for
dG2. Since the effective temperature of the sun is 5713°
and the color temperature, T,, is 6500°, it appears that the

To scale is much closer to the T, scale for stars of tempera-



tures near to the sun. This relstion, T2 = To’ will be
incorrect for early type stars. So in Teble 10 we convert
from V-1 to Tcr= Ty, using the data in columns 2 and 3 of
Table 11 which were taken from Stebbins and Whitford's

paperlg. Next, to convert T, to effective temperatures,

= 5040
Te =
e
Chandrasekhar and Minchl6, taking into consideration H™

» we will use the ( 8., 6,) relation derived by

opacity. In Table 5 and Fig. 2 of their paper they relate

Table 10

Effective Temperatures

Phase Cp V-1 Sp. To=T, 8, 6,
.00 «34 - .65 P4 8040 . 627 .760
.05 .42 - .53 F5 7650 .659 L7773
.10 .48 - .26 ck7 6860 754 843
.15 .54 - .10 cF7.5 6480 777 .881
.20 .60 .07 cF8 6150 .819 . 923
.25 .66 .23 cGO 5890 .856 . 966
.30 .72 .40 cGl 5630 .895 1.020
.35 .78 .56 cG2 5400 933 1.075
<40 .85 .75 cG3 5140 .980  1.157
«45 .90 .89 cG4 4970 1.012  1.190
.50 .96  1.06 cG5 4770 1.055 1.253
.55 1.00 1.17 cG6 4660 1.080 1.290
.60 .98  1.11 cG6 4720 1.067 1.270
.65 .93 .97 cG4.5 4870 1.034 1.242
.70 .86 .78 cG3.5 5100 .988  1.155
.75 .78 .56 cG2 5400 .933 1.075
.80 .66 23 - ¢GO 5890 .856 . 966
.85 .50 - .21 cF7 8750 .747 .855
.90 .29 - .78 F3 8500 . 593 737
.95 .27 - .84 F2 8720 .578 .726

1.00 .34 - .65 F4 8040 « 627 . 760

- 5] -



Table 11

Conversions of Colors

Stebbins & Wnitford Chandra. & Keenan &

. ) Miinch Morgan

C V-1 To=T e Sp (2] T e (Ib) T
P (giants) &% ¢ © © © ©

.10 =1.30 11200 .450 A5 .645 7800 .579 8700
24 - ,92 9000 .560 FO .715 7050 .664 7600
«B39 = .52 7600 .663 F5 . 787 6400 «813 6200
. 685 « 30 5780 .871 GO .987 5100 1.008 5000

.94 1.00 4830 1.042 G5 1.234 4080 1.175 4290
1.19 1.68 4180 1.204 KO

©c and O, for various electron pressures. It will be
seen that for 6,> 0.8 the relation is independent of P, ;
for smaller &, we will assume Pe = 10, which is sbout
right for phases when the temperatures are high (see
Table 8 of this paper). The finsl effective temperatures
are plotted in Fig. 19 .

On the other hand, Keenan and Morgan22 have
correlated data on effective temperatures and spectral
twpes with the best dats available at present. Using their

(spectrsl type, T_.) correlation, we obtain the effective

e
temperatures in the last column of Table 11 from the spectral
types in the fifth column. In the range from F2 to G6 the
agreement between the empirical Keenan and Morgan and the

theoretical Chandrasekhar and Minch effective temperatures

is good to within 200°, which is adequate. The probable
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error of # 002 1in the colors, Cp, corresponds to a
probable error of about 100° in the temperatures. The
probable error in the excitation temperatures for Fel is
about 150 to 300°. The spectrgl classes from the colors
agree to within one or two tenths of a class with Eggen's

correlation<d® of Cp with spectral class for stars of

luminosity class Ib.
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B, HRelative Luminosities

Using the spectral types derived from the colors
(Table 10), we can obtain empiricsl bolometric corrections
from G.P. Kuiper's paper<4. Table 12 gives the followings

Msh600 (Gordon=-Kron light curve with Myogq &t maximum = 9.9);

. = 5450-5000 -
Cp, (Fig. 5); mgys0 ( = mgoog - YT C, = photovisual

magnitude); bolometric correction, B.C.; and, Mmp,1+ Then
from the apparéht bolometric magnitudes, m, 4, we can obtain

relative luminosities from

5

pyp - m 3 Zlogpi— (21)

L
in

where the subscripts refer to minimum photograephic light.

Table 12
Relative Luminosities and Radii

.07 9.48 1.644 . 584
.11 9.44 1.706 «404
.22 9.35 1.854 . 502
25 9.31 1.923 . 558
.28 9.31 1.923 613
.42 9.18 2.168 J712
.48 9.14 2.249 .809
.52 9.15 2.228 .893
.57 9.23 2.070 1.000
.60 9.41 1.754 972
.65 9.59 1.486 .992
.69 9.77 1.259 . 968
.69 9.95 1.067 .863
.63 10,02 1.000 .801
.59 9.91 1.107 727
52 9.84 1.180 .650
.42 9.78" 1.247 . 540
.22 9.87 1.148 « 406
.08 9.88 1.138 .501
.01 9.71 1.330 «315
.07 9.48 1.644 . 384

.00 9.70 .54 9.55
.05 9.74 .42 9.55
.10 9.78 .48 9.57
.15 9.80 .54 9.56
.20 9.85 .60 9.59
.25 9.89 .66 9.60
« 30 9.94 72 9.62
¢35 10.01 .78 9.67
« 40 10.17 .85 9.80
.45 10.41 .90 10.01
« 50 10.66 .96 10.24
.55 10.90 1.00 10.46
.60 11.07 .98 10.64
.65 11.06 .93 10.65
.70 10.88 .86 10.50
.75 10.70 .78  10.36
.80 10.49 .66 10.20
.85 10.29 .50 10.09
.90 10.06 .29 9.93
.95 9.84 .27 9.72
1.00 9.70 .54 9.55

w
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The relative luminosities are given in Table 12 and are
plotted in Fig. 20 . The data would indlcate that maximum
luminosity occurs 0.3 period after maximum photographic light
but that minimum light is independent of color. It is not
known how much of the structure in the luminosity curve just

after minimum is resal.

C. HRelgtive Rgdii

The total energy output of a star can be represented

by

L = CRRe %, (22)
where C is a constant and R® is proportional to the area. We
have relative luminosities (Table 12), so that with a know-
ledge of T, as a function of phase, we can obtain relative
redil. It was decided that the effective temperatures
derived from colors would be the more approprlate quantities
to compare with the luminosities than effective temperatures
derived from ionization or excitation temperatures. From @g
in Table 10, relative luminosities in Table 12, and eq. 22,
we derive r/r_ _ as given in Table 12 and plotted in Fig. 21.
From Table 12 we conclude that the radius must change by a
very considersble amount to explain the observed light and
color changes. The minimum radius 1s only a third of the
maximum radius. Maximum and minimum radius are reached just
before (phases 0.475 and 0.925) minimum and maximum light

(phases 0.65 and 0.00) respectively. In Fig. 21 we have
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sketched in the light curve as a dashed line. We see that the
expansion lags behind the temperature changes by % period as

1t does in Cepheids.
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V. HRadilal Velocity Curve Reductions

By integrating the radial velocity curve over
time we can find displacements of the atmosphere in kilo-
meters/as a function of phase. However, to do this we must
first answer one question: What is the radlal velocity of the
star itself? For a Cepheid the radial velocity curve is
continuous and the velocity of the star can be taken as the
time average velocity of the atmosphere. 1In W Vir, if the
motions of atoms in the atmosphere are predominantiy outward
or inwsrd, the mean veloclity of these atoms over one period
would not be the same as the velocity of the core of the star.
The mean velocity over ohases 0.0 to 1.0 is - 64.4 km./sec.;
this velocity is resched at phase 0.475 . For a predominantly
outward (or inward) motion, the velocity of the atmosphere
will coincide with that of the star at a later (or esrlier)
phase. However, the phase when the maximum expansion of the
photosphere (see Fig. 21) is attained is probably a time when
the atmosphere has no outward or inward motion (providing
there is no phase lag between the regions where the lines and
continuous spectrum are predominsntly produced). Fig. 21
gives a maximum radius‘at sbout phase 0.48, in good agreement
with the assumption of no predominantly inward or outward
motion. However, as we will see shortly, there may be some
guestion in combining Fig. 21 with the radial velocity

measurements. So for completeness we will consider all three
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possible mean velocities, e.g.,oo= - 59.0 km./sec. (reached
at phase 0.535); P, = - 64.4 (reached at phase 0.475); and,
Po = - 68.0 (phase 0.425).

The veloclity A, -# 1s not the velocity of atoms
in the atmospheresince we observe only the integrated flux
from the star, i.e. we see not only the atoms at the sub-
solar point whose totael radial motion (vr along a radius of
the star) appears as a radial velocity, but also atoms neser
the limb whose radial motion, v,, 1s neearly perpendicular to
our line of sight. The net effect 1s to produce lines that
ere broadened fr&m a veloclty position 4, to/o , and with a
maximum ebsorption at some velocity position in between that
depends on the limb darkening. If we let I(0,8) be the flux
emitted per unit area at the stellar boundery (7= 0) and
at an angle © with the normal to the surfece, then the 1limb
darkening can be expressed by

1(0,8) = 1I(0,0) [1‘-«(1 - cos e_)] ’ (23)
where & 1s the coefficient of 1limb darkening and varies
between O and 1. Then if v, cos © 1s the projection of the
surface velocity at a point on the line of sight and cos & dw
= 27 8ln © cos © d0 is the projected surface element, the

observed redial velocity is

ro o = var cos © I(0,0) cos 6 dw (24)
° 5§ 1(0,8) cos 6 dw

- 61 -



Upon integration,

/OO'/O = g:;m Vr (£5)

For the complete range of X, the coefficlent of v, varies
from 16/24 to 18/24 . With sufficient accuracy we may
assume that «= 3/5, which gives

v, = %% ( 0y =p) (26)

For each of the three asssumed mean velocities, I have
converted the observed radial velocities to surface
velocities by means of eq. 26 . Then integrating the v,
over time, we obtain the displacements. In Teble 13 we
give the smoothed radial velocity curve, o, for the
absorption lines and the displscements computed on the three
assumptions of mean radiel velocity. The displacements are
plotted in Fig. 22 ,

Next let us conslder the velocities of the
hydrogen emission lines., It was found that when H emission
lines (Balmer series H« through H§ ) and double emission
lines occur in the same spectrum, the velocities of the H
emission lines correspond to that of the shortward, or new,
absorption line components (see Table 1). The velocities
glven in Table 1 were measured by Sanford on the original
plates. They need correction since a sharp narrow absorption
line 1s superimposed on each broasd emlission line; Sanford

measured only the strongest pesk of the remalning bisected
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Table 13

Displacements from Radial Velocities

Source Phase P (rp x-r) in 10% ¥xm. for rnax 8t phase:
0.535 0.475 0.425
36.70
emission 0.65 - 74,7
lines 35,62
'70 7802
34.186
.75 81.9
32,32
.80 85.5
30,10
.85 89.1
27.50
.90 92.4
31.15 24.55 20.53
absorption .95 95.2
lines 27.33 21.31 17.66
.00 96.4
23.39 17.93 14.6%7
.05 96.2 v
19.48 14,59 11.70
.10 94,9
15.69 11,37 8.8%7
.15 92.2
12.20 8.45 6.32
.20 88.6
9.08 5.90 4,15
.25 84.5
6.39 3.78 2.41
. 30 80.2
4.16 2.12 1.13
.35 75.7
2.40 .93 .32
.40 71.0
: 1.14 .23 .00
«45 66.6
.34 .00 .15
« 50 62.2 _
.00 .23 .76
«55 58.0
.10 .91 1.81
.60 -54.0
63 2.00 3.29
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Teble 13 (cont.)

065 ‘50.3
1.5% 3.49 5.15
.70 46.7
2.84 5.35 7.39
75 43.5
4.47 7.55 9.97
.80 40.8
6.39 10.04 12.84
.85 38.7
8.53 12.74 15.92
«90 37.5
10.79 15.58 19.14
.95 38.0 '
15.01 18.36 22,50
1.00 40.0
15.01 20.93 25.24
1.06 43.0
16.69 23.18 27.88
1.10 -46.5
18.01 25.07 30.14

emission line.

To improve the H emission line veloéities, I made
use of the availsble spectrophotometer trecings. For each
line the profile of the emission line (minus the sbsorption
component) was sketched in. The position of the center of
this emission line was compared with that of the hydrogen
sbsorption line whose velocity is known (see Table 1), The
values of P, 8re given in Table 14 along with the estimated
weights of the determinations in parenthesis. These velocities
were plotted with squares in Fig. 1, with relative sizes of

the sguares representing the relative weights.
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Plate

Ce 5110
7080
7085
7091
5616
7102
5617
6211
5618

Table 14

Velocities of Hydrogen Emission Lines

Phsese

« 650
.709
767
.825
.981
.030
042
. 089
097

(P em= Pspg) 1n km/sec and wt.

HS

- 58.7(2)
-20.5(2)
-36.6(2)
-41.0(3)
-34,4(1)
-56,3(1)
-30.0(1)

HY

-20.4(1)

-56.7(1)

-47,0(1)
-40,1(1)

Hp

-11.7(3)
-29.0(3)
-44,3(3)

-46.1(1)

H«

-16.0(3)

/’em

-78.7(6)
-78.8(5)
-79.8(5)
-84.9(6)
-73.0(1)
"96.7(2)
-70.1(1)
-85.5(1)
-85.5(2)

If we now accept the coincldence of the region

where the H emisslion lines are formec with the region of

formation of the new wave absorption lines, we can trace

the motion of the new wave back to earlier phases since the

emission lines occur about 0.3 period esasrlier than the

absorption lines of the new wave.

To substantiate this assumption we will investigate

the relative positions of the regions where the H emission

lines are formed and where the H absorption lines are formed.

The latter have very closely the same velocitles as the

longward (o0ld wave) metsllic absorption lines (see Table 1),

and hence we can assume that these two sets of lines are

formed at the same atmospheric depth.

We wish to find out

whether the emission lines sre formed high in the sastmosphere,

or (as we suspect) below the 0ld wave in the region of the new

wave.

A study of the depth of the HS absorption lline on plate



Ce 5617 shows definately that it was formed above the emission
line. Hence we have more confidence in the assumption of the
previous paragraph.

The smoothed velocity curve for the emission lines
is given at the top of Table 13 . The displacements have been

calculated for ry, et phase 0.475 and are plotted as the

ax

dashed curve in Fig. 22 .
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VI. Chronology of Events

A, Observational

In this section we will merely collect the observed
facts, heretofore presented, into a dhronological sequence.
In the following section we will give possible models or
explanations for the observed phenonema. We choose to start
the description with the sppearance of the emissiom lines at
minimum light and we will carry it through nearly two cycles.

At about minimum light (phase 0.65), when the
absorption lines are strong, there asppear hydrogen emission
lines of the Balmer series with an outward surface velocity
of 20 km./sec. They rapidly increase in strength and also
accelerate outward to a meximum surfsce velocity of 45 km./
sec. At the same time the absorption lines are rapidly
decreasing in strength. Then at about phase 0.90 & new set
of absorption lines appears with the same outward surface
velocity as the emission lines. These new (shortward)
absorption lines rapidly increase in strength while the
emission lines and older (longward) sbsorption lines gradually
fade. 'The new absorption lines start out with a high
excitation temperature (5400°) but one that is dropping
rapidly. Yhey also indicate a relatively low Doppler velocity
(5 km./sec.) and a large outward surface velocity (45 km./sec.).

At maximum light the two sets of absorption lines

are of about egual strength except for differences due to
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different ionization and excitation temperatures. The
hydrogen lines show a weak emission component with a velocity
like that of the new metallic gbsorption lines and a wesk
absorption component with a velocity like that of the old
metalllc absorption lines. The region forming the emission
component lies below that forming the absorption component.

At this phase during most cycles a very broad, shallow
hydrogen absorption line is also present (sée Fig. 2). The
large width of this line may be due to either Stark broaden-
ing , like H 1lines in A stars, or to a very large thermsal
broadening. If due to Stark brosdening, the line width indicates
a Pg/T ratio of the order of magnitude as for A-type main
sequence stars (about 10° dynes/cm? / 10,000°). If due to

pure thermal brosdening, we derive a tempersture of 30x108 deg.
The line has a velocity like that of the emission line.

As we progress to phase 0.10, the H emission lines
and the older metallic absorption lines disappear. The new
absorption lines are nearly up to full strength. Since the
temperature is still dropping rapidly while the degree of
ionization remeins almost constant, we conelude that the
electron pressure is aléo dropping r;bidly (by a factor of
300; see Fig. 17). The motion is still outward but a
deceleration is starting. However, the displacements are very

large (see Fig. 22).
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The expansion gradually slows down and ceases
at around phase 0.475, after a displacement of sbout 56x106
km.. This is when the electron pressure (and presumably the
total pressure) is smallest (of the order of 0.1 dynes/cm<).
Also the opacity 1s at a minimum so the lines are strongest.
The various temperatures all show nearly a minimum, but the
excitation temperatures have gone through a much larger
range than the ionizstion temperatures. The colors are
very red.

Minimum photographic light and excitation and
ionization temperatures occur (phase 0.65) a little after
maximum expansion. The luminosity curve shows a general
minimum from phase 0,65 to 0.90 with fluctuations that may
not be real. The Doppler velocity 1s still increasing
(9 km./sec.) and continues to do so throughout the contrac-
tion. The veloclty of contraction Increases until about
phase 0.8 . Around phase 0.7 there 1s a rapid increase
in temperature, electron pressure, and opacity. The lines
fade in strength.

However, already at phase 0.65 another set of
emission lines, with the same characteristics as the previous
set, has started and at about phase 0.90 a new set of weak
absorption lines appears. We must now call these the new
lines and the previous ones (which were called the new lines

one cycle before) will now be called the old set. We will not
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repeat the characteristics of this new set but will now
focus our attention on the old set that we have been follow-
ing gnd the differences between the two.

The excitation temperatures for Fel and MgII
show a maximum at phase 0,9 and then a drop. The ionization
temperatures do not show a drop, but graduslly rise after
phase 0.9 . However the lonization temperatures during phases
of double lines are of doubtful value because of the composite
nature of the spectrum. The Fel excltation temperatures are
800 to 1000° lower for the older lines than for the newer
ones at the same time. Similar results are derived for Ngll
but not for the (incorrect) ionization temperatures. The
Doppler velocities reach a maximum of 12 km./sec. for the
older lines while the newer ones at the same fime have a
velocity of 5 km./sec. The displacements of the regions
causing the new and old lines depends greatly on the assumed

star velocity; for the best value (v = 0.475) the dis-

max
placements are the same at phase 0.00, indicating that st
phase 0.00 the atoms moving upward pass the ones moving
downward. Thils i1s also just the phase when the two sets of
lines are appargntly equal in strength.

The old lines disappear at about phase 0.10 .
Hence the whole cycle of events extends for about 1.45 periods

rather than just one period. It should be noted that the

ranges 1in electron pressure, opacity, temperature, displacement,
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end other varigbles 1s much larger than for most Cepheids.
Normglly in Cephelds the relative expanslon derived
from the luminosity law is fitted to the dlsplacement curve
derived from the radial veloclty curve to calibrate the scsale
of the changes. This then leads to the radii of the star
(in kilometers) and then to absolute luminosities. When
this was tried with W Vir (using Figs 21 and 22), the maximum
radius was found to be 22x10% km. However, the total
displscement 1is 36x10° km., so the result is absurd. We
conclude that the curves cannot be combined; this may be
because the derived data may be for different atmospheric
depths that have different motions. Assuming a luminosity
from the period-luminosity relation for the Cepheids and
effective temperstures from coldrs, we derived a maximum

radius of 66x106 km,
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B. Interpretation and Discussion

Adiabatic pulsations of a bounded atmosphere
reguire the density, temperature, pressure, and negative
diéplacement curves to be exactly in phase. Since these are
not gll strictly in phase in W Vir, it is not likely that
the phenonemsa involved can be explained by a standing wave.
Investigations by Eddington, Schwarzschild, Reesinck, and
others (see ref. 25, page 87) show that the lack of & sharp
boundary to an atmosphere is insufficient to cause the
observed phase lags.

However, any dissipation of energy in the atmos-
phere will lead to phase differences. bkany of the features
of the pulsation in Cepheids can be explained in terms of a
progressive, or running, wave, glthough quantitative tests
have been unsuccessful so far (ref. 25, page 94).
Furthermore, it will be necessary to consider anharmonic
pulsations to explein the non-sinusoidal variations of the
physical parameters.

A quantitative analysis of W Vir by progressive
waves 1s hindered at present by a lack of good data on
absolute dimensions and luminosity. For the time being we
can give only & qualitative picture of the phenonema. Let
us suppose that the expansionphase of a progressive wave
starts outward from some unknown depth. While still compressed

the density, pressure, and temperature are high, but as the
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expansion wave moves outward, the three parameters must
decrease and reach a minimum when the displacement has
reached the amplitude of the pulsation. If the opacity is
sufficiently small, it will be possible to see a new
expansion wave coming up from a lowere depth while the upper
part of the atmomBphere is just beginning to contract. The
simultaneous appearance of two regions, one of which is
moving inward and the other outward, indicates a phase
difference of about 180° between two layers of the atmosphere.

I will not elsborate more on this model since its
detailed application to W Vir needs a considerablsd HOYeqrenter
amount of work. However, at present I will record several
Interesting aspects and some objections to this picture.

The colors give effective temperatures that are
much lower than the lonlzstion temperatures at maximum
expansion but that agree st minimum radius. A color-spectrum

difference (K2 and Gl at r___) may be due to a totally

max
different model atmosphere which would mske our conversion

of colors to temperastures on the basis of normal stars entirely
incorrect. However, we are tempted to suggest that this
difference may be due‘to an extended atmosphere, particulerly
at meximum radius. A similar color-spectrum difference has

been observed in novae and other expanding stars. The theory

s
of extened atmospheres has been developed by Kosirev<® and

Chendrasekhar?’»<8 gang applied to Nova Herculis by Whipple and
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C.P. Gaposhkinzg. Difficulties were encountered when this
theory was applied to W Vir because of a lack of a model
atmosphere,

A second point of interest 1s the large range in
the different kinds of temperatures at any one phase. In
Fig. 23 we have plotted the smooth curves from Figs. 10,16,
18, and 19 . The excitation and ionization temperature
curves are somewhat similar in shape but differ in amplitude.

e
In a normal star the temperature gradisnt is given®0 by:

™(r) = % T2 [ 7+ a(7)] (27)
The lines are formed at a mean depth of 7= 0.3 . In the
sun the excitation temperature for Fel happens to coinclde
with T(0.1). In Table 15 we compare solar and W Vir tempera-

ture gradignts.

Table 16

Temperatures in the Sun and W Vir

7 TCT)/Te Sun W Vir
phase 0.3 phase 0.65
0.0 .811
.1 .855  T,,T4875 Tgy/Te= .855 T, ,=24060 T, ,=3450
.3 1920 Ty 35300 Tyon/Te=.927  Tqon=5420 Ty,,=5250

«65 1.000 Tg =5713 Te/Te =1.000 To =4940 T, =4100

1.0 1.062

Two reasons for the lasrge temperature range can be

given. First, departures from thermal equilibrium and dilu-
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tion of radiation may mske the population of metastable

Fel levels anomalous. There is some Indication that stable
Fel levels give higher temperatures. The second possibility
is that an extended atmosphere is present, particulsrly at
mgximum radius when the temperature range is largest. An
extended atmosphere has a large temperature gradifint;
celculations showed that 1t is entirely sufficient to give
the large observed ranges.

A difficulty that is forseen 1in applying the
progressive wave theory to W Vir is to explain the large
differences between the two regions of the atmosphere as
observed in the double lines. The Fel excitation tempera-
tures differ by 800 to 1000° and the Doppler velocities
ere 5 end 12 km./sec. for the two regions. It 1s not likely
that with continuous gradiéhts such a renge in psrameters
could be found within an optical depth of 1 or 2. These
large differences may be indications of a real discontinuity
in the atmosphere, i.e. a shock wave. Calculations will
heve to be made to determine whether a shock weve could be
expected. We cannot observe the veloclity of the shock front
but only the residusl velocity of flow of the material.

I have not yet done all the things possible with
the present data. The line strengths during phases of double
lines must be corrected for the overlying continuous spectrum.

Then the corrected electron pressures will lead to total
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pressures and densities. Finally, the varlious pulsation
and eruptive models must be carefully exsmined. It is also

~desirable to obtaln more complete color data.
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Mult. A log
No. gfA 5110 7080 7085 7091 5616 5647 7102 6207 5617 6211 5618 5651 5556 5058 7010 7013
650 .709 .766 .925 .981 . 006 .0%0 .041 Ok .09k .099 .123 198 .358 .h01 .458 .
1% g% 1* s%* 1# g% 1% L 1% g% 1% 8% 1% s* 1% s*
Fe I
422 4141.86 3.19 .51 5.05
Y72 4537.5% 3.29 6.20 5.51 5.44 5.09
476 4387.90 3.70 5.51 5.51 5.33 5.25 5.02
4768 4182.38 3.78 4.82 5.08 4.97 4.66 4 .66 4.87
182 4ouB.23 4 .55 5.60 4.99 5.67 5.18 5.16 .71 4.69 4.6%
4267.83 3.85 5.09 5.24 5.50 5.50 5.34 5.12 5.20 .93 4.9% 4,58 4.73 4 .66
515 4h80.1% 3.73 5.43 5,26 5.18 5.28 5.36 5.03 5.05 4.9k
522 4199.10 5.16 h4.29 4.48 1.38 L4.5% 5.00 L 4o .75 4.98 L4.50 4 .35 h.hg 4,32 4.29 4.30 4.32
523 41h3 42 .96 bh.25 435 4 44 4 48 4,62 4.68 4.6 5.09 4.65 4.50 4.25 4.23 4.16
527 4017.16 4.28 4.58 5.49 5.26 5.06 5.0l 5.15 5.11 5.11 .77 b.75 44L 4 46 443
554 4607.65 3.78 5.29 5.15 5.60 5.51 5.09 4.90 4.86 4.83 k.79
4625.05 4.08 5.19 5.27 L.95 5.67 5.15 4.76 4.83 4.93
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