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The Feuerbach Point and the Fuhrmann Triangle

Nguyen Thanh Dung

Abstract. We establish a few results on circles through the Feuerbach point of
a triangle, and their relations to the Fuhrmann triangle. The Fuhrmann triangle
is perspective with the circumcevian triangle of the incenter. We prove that the
perspectrix is the tangent to the nine-point circle at the Feuerbach point.

1. Feuerbach point and nine-point circles

Given a triangle ABC, we consider its intouch triangle XYy Z,, medial trian-
gle X1Y1 7, and orthic triangle X,Y575. The famous Feuerbach theorem states
that the incircle (XYyZp) and the nine-point circle (IN'), which is the common cir-
cumcircle of X1Y1 7, and X»Y>7,, are tangent internally. The point of tangency
is the Feuerbach point F,. In this paper we adopt the following standard notation
for triangle centers: G the centroid, O the circumcenter, H the orthocenter, I the
incenter, N, the Nagel point. The nine-point center NN is the midpoint of OH.

Figure 1

Proposition 1. Let ABC' be a non-isosceles triangle.

() The triangles F. Xo X1, F.YoY1, FoZyZ, are directly similar to triangles
AIO, BIO, CIO respectively.

(b) Let Og, Oy, O, bethereflectionsof O in I A, I B, IC respectively. Thelines
10,, 10y, 10, are perpendicular to F, X4, F.Y1, F.Z; respectively.
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Proof. (a) Itis enough to prove the direct similarity of triangles F,, Xo X1 and AOI.
We work with the notion of directed angles (see [2, §516-19]). Assume that AB <
AC. LetU and J, be the intersections of the line AT with BC and the circumcircle
(O) respectively. Draw a tangent UT" to the incircle (1) (see Figure 1). The points
F., T, Xy are collinear (see [1, Theorem 215]). Hence, modulo T,

(XoX1, XoT) = = — (XoT, XoI) = (IXo, 1J,)
= (J,0, J,A) = (AJ,, AO) = (Al, AO) = —(AO, Al).
On the other hand,

XoT  2rsinXolJ, 2r sin Bgc B r B ﬂ
XoX: % R sinB—sinC_Rsing_AO'
Therefore, triangles XoT X, and ATO are inversely similar.
Since (FeXo, FeXl) = —(X()T, X()Xl) (HlOd 7T), and (XlFe, XlXO) =

—(X1X0,X1T) (mod ), triangles F, XX, and X7 X, are oppositely similar.
It follows that £, X(X; and AIO are directly similar.

(b) Triangle AIO, is oppositely similar to triangle F.XoX;. Since AO, L
XXy, itfollowsthat 10, 1L F.X;. Similarly, 10, L. F.Yyand IO, L F.Z;. O

The Feuerbach point F; is also the Poncelet point of the quadrilateral ABC1.
This means that F is the common point of the nine-point circles of the four trian-
gles IBC, ICA, IAB, and ABC'. The circles (FoX0X1), (FeYoY1), (FeZoZ1)
are therefore the nine-point circles of triangles IBC, IC' A, 1 AB respectively.
Each of them passes through the midpoints of two of the segments AI, BI, C1.
Denote by N,, Ny, N, the nine-point centers of the triangles /BC, ICA, IAB
respectively. We shall prove in Theorem 5 below that N,, N, N, are equidistant
from N, the nine-point center of ABC.

Figure 2
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2. Fuhrmann triangle and Fuhrmann circle

The triangle N, N, N, is closely related to the Fuhrmann triangle. Let J,JyJ.
be the circumcevian triangle of the incenter I, and J;,, J;, J/, the reflections of J,
in BC, Jy in CA, J. in AB respectively. These reflections form the Fuhrmann
triangle J;J;J.. Now, J, is the center of the circumcircle of 7BC, which also
passes through the excenter I,. The nine-point center of /BC is the midpoint
between I and the reflection of its circumcenter in the side BC. ' Therefore, N,
is the midpoint of 7.J). Similarly, N, and N.. are the midpoints of 7.J; and 1.J/. In
other words, N, N, N, is the image of the Fuhrmann triangle under the homothety

h with center I and ratio 1.2

Figure 3

Basic results about the Feuerbach point and the Fuhrmann triangle can be found
in[1, §§215-216] and [2, §§320-324, 367-372]. A proof of the Feuerbach theorem
is given in [4].

The Fuhrmann circle is the circumcircle of the Fuhrmann triangle. It contains
H N, as a diameter ([2, Theorem 369]). The center of the Fuhrmann circle is the
midpoint £}, of HN,. Here is an alternative description.

Proposition 2. The center of the Fuhrmann circleisthereflection of 7 in N.

Lif ABC is atriangle with centroid G and circumcenter O, its nine-point center is N = 36-0 =
ATBLAZ0) — A0 ‘where O' = B+ C — O = 2- B£C — O is the reflection of O in (the
midpoint of) BC.

2Throughout this paper, h denotes this specific homothety. For every point P, h(P) = %(IJr P),
the midpoint of I P.
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H + N, H — 21 H+(H+2- — 21
Fo= =22 H?f L A 5 D=2 jio-1=oN-1.

O

Proposition 3. The Fuhrmann triangle J/,.J; J;. and the circumcevian triangle of 1
are oppositely similar.

Proof. Since the circumcircle of .J; J;J. contains H, and HJ), || J.J, etc. (see
Figure 3),

(JLJ, T = (HJI, HI) = (Joda, Jpda) = —(Jady, Jade) (mod 7).

Similarly, (J}J., J;J,) = —(JyJe, JpJa) (mod 7). The two triangles J.J; J,
and J,J,.J,. are oppositely similar. O

Since the vertices of J,J,J. are on the angle bisectors of ABC and the sides
are perpendicular to these bisectors, the triangle J,J,J. has orthocenter I. This is
also true for the Fuhrmann triangle.

Proposition 4. The Fuhrmann triangle has orthocenter 1.

Proof. We begin with the excentral triangle 1,11, where I,, Iy, I. are the excen-
ters of triangle AC. It is well known that it has orthocenter I and circumcenter
I' = 2.0 — I, the reflection of I in O. Therefore, the centroid of the excentral
triangle is

In+Iy+1. 2I'+1 4-0-1
3 3 3
From this we have

I,+Iy+1.,=4-0—-1.

Since J, is the center of the circle (/BC'), which also passes through I,, J, =
Ila “Now, for the Fuhrmann triangle, we have

B+C . _2B+C)-(I+1)

Ja= 2 2
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and analogous expressions for J; and .J.. The centroid of the Fuhrmann triangle is
therefore
Jo+Jy+J.  AA+B+C)-31— U+ I, + 1)
3 B 6
12G -3 - (4-0 —1) 6G—2-0-1

G =

6 3
3G+(3G-2-0)—1 3G+H-1I
3 N 3 ‘

Its orthocenter is
H =3G'-2F, =BG+ H—-1)—(H+ N,)=3G - N, —[=2—-1=1.
O

Theorem 5. The triangle N, N, N, has circumcenter N, circumradius %, and
orthocenter I.

Proof. The triangle N, Ny N, is the image of the Fuhrmann triangle under h. It has
circumcenter h(2N — I) = W = N and orthocenter h(I) = 1L = 1.
Since the Fuhrmann circle has diameter H N,,, which is parallel to and equal to
twice OT (see Figure 4), its circumradius is O1. It follows that the circumradius of
N,N, N, is 9L O

Corollary 6. Thecircumcircle of N, N, N, isthe nine-point circle of the Fuhrmann
triangle.

Proof. Since the Fuhrmann triangle has orthocenter I, the point N, being the
midpoint of 1.7/, lies on its nine-point circle. Similarly, N, and NN, are on the same
nine-point circle. Therefore, the circumcircle of N, N, N, is the nine-point circle
of the Fuhrmann triangle. O

Consider the midpoints Ay, By, Cy of AI, BI, C1 respectively.

Proposition 7. The orthocenter of triangle A; B1C; lies on the circumcircle of
N,NyN..

Proof. Triangle A;B;C1 is the image of ABC under the homothety h. Its or-
thocenter H' is the midpoint of 7H. Since I is the orthocenter of the Fuhrmann
triangle, and H lies on the Fuhrmann circle, it follows that H' lies on the nine-point
circle of the Fuhrmann triangle, which is the circle (N, N, N,.). O

Theorem 8. The N, X1, NyY1, N.Z; are concurrent at the Spieker center of tri-
angle ABC.

Proof. In triangle J!I1.J,, N, and X; are the midpoints of the sides J/ I and .J., J,,.
Therefore, N, X is parallel to J, I, the bisector of angle A. In the medial triangle
X1Y174, the line N, X is the bisector of angle X;. Similarly, NyY; and N.Z;
are the bisectors of angles Y7 and Z;. The three lines N, X1, NyY1, N.Z; are
concurrent at the Spieker center, the incenter of the medial triangle X 1Y, 2,. O
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Figure 5

Remark. This point of concurrency is also the antipode of the orthocenter H’ of
A1 B;C1 on the circle N,N;N.. Since this circle has center N and contains ' =
LA the antipode of H' is
I+H 2-0+H-1 3G-1

2 2 2
which divides IG in the ratio 3 : —1. This is the Spieker center.

2N —H' =0+ H —

3. Theresidual triangles of the orthic triangle

Consider the orthic triangle XoY575. Let X3, Y3, Z3 be the midpoints of its
sides Ys 7o, Z5 X5, XoY5 respectively, and let
O, I, Fy be the circumcenter, incenter and Feuerbach point of triangle AY5 75,
Os, I, F5 those of BZ5 X5, and
Os, I3, F3 those of CX5Y5.

Note that the circumcenter O; is the midpoint of AH, and is a point on the
nine-point circle of ABC.

Theorem 9. Thelines F1 X3, FbYs, F3Z5 are perpendicular to O1.

Proof. Let the line AT intersect BC' at A’. Draw a line passing through A’ parallel
to Y7o, intersecting AC and AB at B’ and C’ respectively. Triangle AB'C’ is
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A

Figure 6

the reflection of ABC in AI, and is homothetic to triangle AY>Z,. Under this
homothety, F; corresponds to the reflection £, of F, in AI. Also, X3 corresponds
to the midpoint X’ of B’C”. It follows that F} X5 || F.X'. By Lemma 1(ii),
F!X' 1 OI. Therefore, F; X5 L OI. Similarly, F»Y3 and F5Zs are also perpen-
dicular to O1. O

Theorem 10. Thelines O111, O212, O315 are concurrent at the Feuerbach point
F..

Proof. Since A, Ya, H, Zs are concyclic, the circumcenter Ny is the midpoint of
AH. Let O' be the reflection of O in AI. By Proposition 1(b), O'T 1 F,X;. Now,
N1X; is a diameter of nine-point circle of ABC. This means that N1 F, 1 F.X;.
Therefore, O'T and O F,, are parallel.

Since the reflection of triangle AY>Z7, in AI is homothetic to ABC, the incenter
I of AY5Z, is the intersection of AT with the parallel to O’ through O;. This is
the line N1 F,. From this we conclude that 77 is the intersection of N; F, with AI.
The line O11; passes through Fe; similarly for the lines O, 1> and O315. O

4. Perspectivity and orthology of .J,J,J. and J,J} J.,

The triangles J,.J,J. and J},J;J; are clearly perspective at O. They are also
axis-perspective. This means that the three points

X =JyJ.N JgJé, Y =JJ NI, Z=J,JyN J;Jg,
are collinear.
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Figure 7

Theorem 11. Theline containing X, Y, Z is the tangent to the nine-point circle
at the Feuerbach point.

Figure 8
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Proof. Applying Menelaus’ theorem to triangle O.J} J/ with transversal X JyJ.., we
have

L X JJ. OJy | —s LX  JO Sy ]
XJ, J.O JLJ. XJ. JJ. OJy  JJL
Therefore,
XJ g s (sinB\°
XJ, JJ. sin? ¢ B sin §
On the other hand,
1Jy blng
IJ.  sin&
XJ! 10\ 2 . . . A
Therefore, T3 = (I—J’;) . This means that 7.X is tangent to the circle (1.J;.J/),

and 1X? = X J;- X J.. Thus, X lies on the radical axis of the Fuhrmann circle and
the point-circle 7. The same is true for Y and Z. This shows that the perspectrix
XY Z is perpendicular to the line joining £, and I, which is the same as the line
NI. If XY Z intersects NI at Q,

QF%—QI* = (QF,—QI)(QF,+QI) = IF,;-2QN = 4NI-QN = 2(R—2r)QN.

It follows that 2(R — 2r)QN = p? = OI?> = R(R — 2r), and QN = £. This
means that @ lies on the nine-point circle of triangle ABC, and is the Feuerbach
point F;. The line XY Z is the tangent to the nine-point circle at F. O

Theorem 12. Thetriangles J,Jy,J. and J;,J; J. are orthologic.

(a) The perpendiculars from .J/, to JJ.. etc are concurrent at the Nagel point
N,.

(b) The perpendiculars from J, to J|J/, etc are concurrent at the superior of the
Feuerbach point.

Proof. (a) The perpendiculars from J; to JyJ., J} to J.J,, and J; to J,J, are the
lines

(b—c)z+ by— cz = 0,
—az+(c — a)y+ cz= 0,
ax— by+(a —b)z = 0.
These three lines are concurrent at the point (x : y : z), where
. jc—a c |. |—a c | |—a c—a
TRY 2=y g a a—>bl"|a —b

=alb+c—a):alc+a—>):ala+b—c)
=b+c—a:ct+a—-b:a+b—ec

This is the Nagel point.
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Figure 10

(b) The perpendiculars from J, to J; J., Jy to J.J}, and J. to J;,J; are the lines
—(b+c)(b—c)x+ a(c — a)y+ a(a —b)z =0,
b(b—c)z—(c+a)(c—a)y+ b(a — b)z =0,
c(b—c)z+ c(c—a)y—(a+b)(a—b)z =0.
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These three lines are concurrent at the point (z : y : z), where
(b—c)zx:(c—a)y:(a—0b)z

_|—(c+a) b b b ‘ )

- c —(a+0b) c —(a+0b)|"

=ala+b+c):bla+b+c):clat+b+c).

b —(c+a)
c c

Therefore, (z:y: z) = (ﬁ . 2 ﬁ) This is the triangle center X (100) in

c—a

[3]. It is the superior of the Feuerbach point. O

Remarks. (1) The Nagel point N, is the triangle center X (74) of the Fuhrmann
triangle.

(2) The superior of the Feuerbach point is the triangle center X (100). It is
X(74) of J,JyJ..

Theorem 13. The seven circles I.J,J,, Iy Jy, IJ.J., AJ,J., BJ.J}, CJ.J, and
the circumcircle (O) have a common point K. Moreover, let J be the intersection
point of the ray H F;, and the circumcircle (O) and I be the incenter of ABC.
Then, K, I, J are collinear.

Figure 11

Proof. The equation of the circle AJ}J] is
(b* — be+ 2 — a®)(a®yz + b2z + ay) — (x+y + 2) f(z,y,2) = 0,
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where
fz,y,2) = c(c—a)(c+a—Dby—b*(a—b)at+b—rc)z.
This contains the point
2 2 2
X(109) = <(b—c)(z+c—a) : (b—c)(z—l—c—a) : (b—c>(Z+c—a)>
on the circumcircle since

a? a? a?
f<(b—c)(b—|—c—a)7(b—c)(b—i—c—a)’(b—c)(b—i—c—a))
=2 — b2 =0.

Therefore, the circle AJ}J. contains X (109). Similarly, the circles BJ/J/ and
CJ,, J; also contain the same point.

Figure 12

The equation of the circle 1.J,.J; is
(b—c)a+b+c)(b+c—a)(a®yz + V2zx + ay) — (x +y + 2)g(x,y,2) =0,
where

g(x,y, 2) = be(b—c) (b+c) (b+c—a)r—a’c(c—a)(c+a—b)y—a’bla—b)(a+b—c)z.
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This contains the point X (109) with coordinates given above since

(12 (12 (12
g <(b—c)(b+c—a)’ b—c)b+c—a) (b—c)(b—l—c—a))
= a?be(b + ¢) — a*b*c — a*bc* = 0.
Similarly, the circles I.J,J; and I.J.J,, contain the same point.
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