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Overview of Lectures

1. Exchangeability and de Finetti’s Theorem

2. Sufficiency, Partial Exchangeability, and Exponential Families

3. Exchangeable Arrays and Random Networks

Basic references for the series of lectures include Aldous (1985)
and Lauritzen (1988). Other references will be given as we go
along. For this particular lecture, the article by Kingman (1978) is
strongly recommended.
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Definition

An infinite sequence X1, . . . ,Xn, . . . of random variables is said to
be exchangeable if for all n = 2, 3, . . . ,

X1, . . . ,Xn
D
= Xπ(1), . . . ,Xπ(n) for all π ∈ S(n),

where S(n) is the group of permutations of {1, . . . , n}.
For example, for a binary sequence, we may have:

p(1, 1, 0, 0, 0, 1, 1, 0) = p(1, 0, 1, 0, 1, 0, 0, 1).

If X1, . . . ,Xn, . . . are independent and identically distributed, they
are exchangeable, but not conversely.
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Polya’s Urn

Consider an urn with b black balls and w white balls. Draw a ball
at random and note its colour. Replace the ball together with a
balls of the same colour. Repeat the procedure ad infinitum.
Let Xi = 1 if the i-th draw yields a black ball and Xi = 0
otherwise.

The sequence X1, . . . ,Xn, . . . is exchangeable:

p(1, 1, 0, 1) =
b

b + w

b + a

b + w + a

w

b + w + 2a

b + 2a

b + w + 3a

=
b

b + w

w

b + w + a

b + a

b + w + 2a

b + 2a

b + w + 3a
= p(1, 0, 1, 1).

X1, . . . ,Xn, . . . are not independent (nor even a Markov process).
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A Gaussian example

Consider a sequence of Gaussian random variables with X1, . . . ,Xn

multivariate Gaussian Nn(0,Σ) with mean zero and covariance
matrix determined as

E(X 2
i ) = 1, E(XiXj) = ρ for i 6= j .

For the matrix to be positive definite so the distribution is well
defined, we must have

ρ ≥ − 1

n − 1

and since this should hold for all n, we further conclude ρ ≥ 0.
Since a Gaussian distribution is determined by its mean and
covariance, this defines an exchangeable sequence.
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de Finetti’s Theorem

de Finetti (1931) shows that all exchangeable binary sequences are
mixtures of Bernoulli sequences:
A binary sequence X1, . . . ,Xn, . . . is exchangeable if and only if
there exists a distribution function F on [0, 1] such that for all n

p(x1, . . . , xn) =

∫ 1

0
θtn(1− θ)n−tn dF (θ),

where p(x1, . . . , xn) = P(X1 = x1, . . . ,Xn = xn) and tn =
∑n

i=1 xi .
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More about de Finetti’s Theorem

It further holds that F is the distribution function of the limiting
frequency:

Y = X̄∞ = lim
n→∞

∑
i

Xi/n, P(Y ≤ y) = F (y)

and the Bernoulli distribution is obtained by conditioning with
Y = θ:

P(X1 = x1, . . . ,Xn = xn |Y = θ) = θtn(1− θ)n−tn .
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Polya’s Urn

Urn has initially b black balls and w white balls. Draw a ball at
random and note its colour. Replace the ball together with a balls
of the same colour. Repeat the procedure ad infinitum.
Let Xi = 1 if the i-th draw yields a black ball and Xi = 0 otherwise.
The average X̄n converges to a random value Y which has a Beta
distribution

lim
n→∞

X̄n = Y ∼ B(b/a,w/a).

Conditionally on Y = θ, X1 . . . , Xn, . . . are independent and
Bernoulli with parameter θ.
This has been known as folklore for a long time. First published
proof seems to be in Blackwell and Kendall (1964), see also
Freedman (1965).
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Hewitt–Savage

Hewitt and Savage (1955) have generalized de Finetti’s result:
Let X1, . . . ,Xn, . . . be an exchangeable sequence of random
variables with values in X . Then there exists a probability measure
µ on the set of probability measures P(X ) on X , such that

P(X1 ∈ A1, . . . ,Xn ∈ An) =

∫
Q(A1) · · ·Q(An) µ(dQ),

It further holds that µ is the distribution function of the empirical
measure:

M(A) = lim
n→∞

Mn(A) = lim
n→∞

1

n

n∑
i=1

χA(Xi ), M ∼ µ.

and Q⊗∞ is the distribution obtained by conditioning with M:

P(X1 ∈ A1, . . . ,Xn ∈ An |M = Q) = Q(A1) · · ·Q(An).
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Gaussian example

X1, . . . ,Xn multivariate Gaussian Nn(0,Σ) with mean zero and
covariance

E(X 2
i ) = 1, E(XiXj) = ρ for i 6= j , ρ > 0,

the empirical distribution function converges to a Gaussian
distribution

F∞(x) = lim
n→∞

1

n

n∑
i=1

χ]−∞,x](Xi ) = Φ{(x − Y )/
√

1− ρ},

where Φ is the Gaussian distribution function and

Y = lim
n→∞

X̄n ∼ N (0, ρ).

Conditionally on Y = θ, X1 . . . , Xn, . . . are independent and
distributed as N (θ, 1− ρ).
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Simplest Bayesian model:
Subjective exchangeable probability distribution P representing
Your expectations for behaviour of X1, . . . ,Xn, . . ..

Simplest frequentist model:
There is an unknown distribution Q, so that X1, . . . ,Xn, . . . are
independent and identically distributed with distribution Q, Q(A)
being defined as the limiting proportion of X ’s in A.
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de Finetti–Hewitt–Savage Theorem provides bridge between the
two model types:
In P, the distribution Q exists as a random object, also determined
by the limiting frequency. The distribution, µ, of Q is the Bayesian
prior distribution:

P(X1 ∈ A1, . . . ,Xn ∈ An) =

∫
Q(A1) · · ·Q(An) µ(dQ),

The empirical measure Mn (X̄n in the binary case) is sufficient for
the unknown ‘parameter’ Q.
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Summary of de Finetti–Hewitt-Savage

For an exchangeable sequence X1, . . . ,Xn, . . . with joint
distribution P we have for most, (but not all) measure spaces X :

I An integral representation: P =
∫

Q⊗∞ µ(dQ);

I The empirical distribution Mn converges to a random
distribution M;

I µ is uniquely determined by P as the distribution of the
limiting empirical measure M, so we can write P = Pµ.
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X1, . . . ,Xn is n-exchangeable if

X1, . . . ,Xn
D
= Xπ(1), . . . ,Xπ(n) for all π ∈ S(n).

Every n-subset of an exchangeable sequence is n-exchangeable for
every n, but not conversely.
Two binary variables X1,X2 are 2-exchangeable (pairwise
exchangeable) if and only if

p(0, 1) = p(1, 0).

A k-exchangeable X1, . . . ,Xk is n-extendable if it has the same
distribution as the k first of an n-exchangeable variables X1, . . . ,Xn
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Finite versions of de Finetti’s Theorem

Diaconis and Freedman (1980) show for X1, . . . ,Xk k-exchangeable
and n-extendable, where Pk denotes distribution of X1, . . . ,Xk .
The distribution Pk can be approximated with the k-marginal Pµk

of an exchangeable distribution Pµ, with bound satisfying

||Pk − Pµk || ≤
2ck

n
,

if |X | = c < ∞, and in the general case

||Pk − Pµk || ≤
k(k − 1)

n
.

Here ||P −Q|| = 2 supA |P(A)−Q(A)| is the total variation norm .
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Proof of classical theorem

Most proofs of the de Finetti–Hewitt–Savage Theorem are based
on martingale arguments, considering quantities such as

Znk = E{φ1(X1)φ2(X2) · · ·φk(Xk) |Xn,Xn+1, . . .}

which is a reverse martingale w.r.t. the decreasing family of
σ-algebras Sn = σ{Xn,Xn+1, . . .}.
See for example (Kingman, 1978) for a simple and illuminating
proof.
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Proof of finite theorem

The proof of the finite version is essentially based on a
combinatorial exercise, establishing sharp bounds for the
approximations of sampling with and without replacement.
The finite version yields the integral representation of an
exchangeable probability distribution as a corollary.
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Hennequin, P., editor, École d’Été de Probabilités de Saint–Flour
XIII — 1983, pages 1–198. Springer-Verlag, Heidelberg. Lecture
Notes in Mathematics 1117.

Blackwell, D. and Kendall, D. (1964). The Martin boundary for
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