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.



•
•

MKSA, CGS-esu, CGS-emu, CGS-Gauss, . . .

•

MKS, CGS

•
•

•

•
• tautology
•

• , ,
•
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.



• (number) (quantity)
— .
— , .

•

〈 〉 = 〈 〉 × 〈 〉
( )Q = {Q}[Q] = 2.3C

• (unit) .

• .

• ( ) .

• , .
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• ( ) R

R = 6370 km = 6370 × 1 km = 6370 × 0.54 = 3440

• R . R = 6370 R = 3440
,

R/km = 6370, R/ = 3440

• : 2 “+” .

W1 + W2

kg
=

W1

kg
+

W2

kg
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• , —

• , , , , ,
.

•
• V (t) = sin(t + π/4)
• i(t) = i0δ(t)
• x = 2ex

• log(f)

•

(cf) Buckingham Π theorem (Phys. Rev. 4, 345 (1914))
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.



—

• (base) (derived)
• (N ) .
• .
• N -

• (coherent)
• 1
•

• (rational)
• 4π . ( 4π, 2π

.)

( ) 2012.1.8–9 10 / 80



• MKSA (SI)
4 ,

• CGS emu (electomagnetic unit)
3 , , µ0 = 1

• CGS esu (electrostatic unit)
3 , , ε0 = 1

• CGS Gauss
3 , , ( ), µ0 = ε0 = 1

• Heaviside-Lorentz
Gauss
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Gauss

CGS Gauss

• — Heaviside-Lorentz

• , µ0 = 1 ε0 = 1 .
— CGS emu CGS esu .

• CGS emu CGS esu

curlH =
4π

c0
J +

1

c0

∂D

∂t
,

∂%

∂t
= − div J

• : c−1
0 J → J

Gauss (cf. Jackson )
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, . .
.

• CGS esu (rCGS-esu)

• CGS emu (rCGS-emu)

• CGS gauss (mrCGS-Gauss)
Heaviside-Lorentz (mHL)

• MKSAQ (5 )
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Ω

.
.

• Ω

•

Q ∈ Ω, c ∈ R cQ ∈ Ω.

• ,
P,Q(6= 0) ∈ Ω, α, β ∈ Q , PαQβ ∈ Ω.
,

•

Q1, Q2 , c ∈ R Q2 = cQ1 ,
Q1 + Q2 = (1 + c)Q1 . Q1, Q2 Ω

(Ω-addible) .
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U

• — ( ) ui ∈ Ω N ;

u = (u1, u2, . . . , uN )

• u ΩU ⊂ Ω

qUud1

1 ud2

2 · · · udN

N = qUud

qU ∈ R, d = (d1, d2, . . . , dN )T ∈ QN

• ud :=
∏N

i=1 udi

i = ud1

1 · · · udN
n x · y =

∑N
i=1 xiyi
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• U Q

U : (Q ∈ Ω) 7→
(

QU = qUud ∈ ΩU

)

qU = {Q}U ∈ R ( ), ud = [Q]U .
u: , d:

• ΩU ∼ R × QN ,

U : (Q ∈ Ω) 7→
(

(qU ,d) ∈ R × QN
)

.

• , , QU , Q
.
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U (2 )

Ω

ΩU
Q

R × QN ∼ ΩU

U

QU = qUud

QU = (qU ,d)

u1
u2

uN
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• MKSA u = (m, kg, s,A)

• Φ0(= ~/2e) ∈ Ω (MKSA)

U(Φ0) = {Φ0}0u
d = 2.07 × 10−15 m kg s−2A−1

. , d = (1, 1,−2,−1)T.

( ) 2012.1.8–9 18 / 80



U (1)

U .

• Q ∈ Ω, c ∈ R

U(cQ) = cU(Q) = (c qU )ud.

• (0 6=) Q,P ∈ Ω U(Q) = qUud, U(P ) = pUub ,
QαP β, α, β ∈ Q

U(QαP β) = U(Q)αU(P )β = (qα
Upβ

U)uαd+βb.

. uαd+βb QαP β ( ).
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U (2)

• Q1, Q2 Ω , Q1 Q2 d

,

U(Q1 + Q2) = U(Q1) + U(Q2) = (q1U + q2U)ud

• Q P Ω , d

. , Q + P ,

U(Q) + U(P ) = QU + PU = (qU + pU )ud

. , Q P U (U -addible)
.

• .
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U (3)

• U . , q ∈ R, d ∈ QN

, U(Q) = qud Q ∈ Ω 1
.

• U = (u,U) u U : Ω → R × QN

.

• N N - : N =: #(U).
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.



(1) —

• 2 ≥ X .

• a, b, c ∈ X

• ( ) a ≥ b b ≥ a,

• ( ) a ≥ b, b ≥ a a = b,

• ( ) a ≥ b, b ≥ c a ≥ c,

• ( ) a ≥ a,

•
• ( )
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(2) —

• 2 ≥ X
(Partially ordered set, POSET) .

• a, b, c ∈ X

• ( ) a ≥ b, b ≥ a a = b,

• ( ) a ≥ b, b ≥ c a ≥ c,

• ( ) a ≥ a,

•
• ( )
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(3) —

• 2 ≥ X
(pre-ordered set) .

• a, b, c ∈ X

• ( ) a ≥ b, b ≥ c a ≥ c,

• ( ) a ≥ a,

• a 6= b , a ≥ b b ≥ a

• ( )

• (a ≥ b b ≥ a) X ,
.
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U

• 2 Q,P ∈ Ω U(Q) = U(P ) , Q
U
= P

.

• , U(Q) = qUud, U(P ) = pUub , qU = pU

d = b

• , Q = P Q
U
= P .

• , .
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U
=

• “
U
=” Ω .

• Q, Q′, Q′′ ∈ Ω

• ( ) Q
U
= Q′ Q′ U

= Q,

• ( ) Q
U
= Q,

• ( ) Q
U
= Q′ Q′ U

= Q′′ Q′ U
= Q′′.

• Ω .
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• 2 U , V . N = #(U), M = #(V ).

• Q, P ∈ Ω

(Q
U
= P ) ⇒ (Q

V
= P )

,

U % V

• U V .
, V U .

• U V (transferable) .

• N ≥ M
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• “%” .

• U , U ′, U ′′

• U % U ,

• U % U ′ U ′ % U ′′ , U % U ′′.

• ,
.
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• U % V U - V , , U V
, U ∼ V , U V (equivalent) .

N = M .

• U % V U - V , , U V
, U ‖ V , U V

(incomparable) .

• U % V V 6% U , U � V .

( ) 2012.1.8–9 30 / 80



•

U - V U 6- V

U % V U ∼ V (N = M) U � V (N > M)

U 6% V U ≺ V (N < M) U ‖ V (N <=> M)

N = #(U), M = #(V ).
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.

T



T

(1)

U % V , U = (u,U) V = (v,V)
T : QU 7→ QV .

• , U QU . U ,
U−1(QU ) ⊂ Ω .

• Q , V QV . U % V
, V−1(QV ) ⊇ U−1(QU ).

• , QU QV = V(U−1(QU ))
.

• , .

T : ΩU → ΩV , , R × QN → R × QM

• U ∼ V , T (1 1).

• U ‖ V , .
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T

(2)

Ω

Q

R × QN (U)

R × QM (V )

UV

QU

QV

U−1(QU )V−1(QV )

T

( ) 2012.1.8–9 34 / 80



.

T



T

T (1)

• 2 U % V , N = #(U), M = #(V ).

U = (u,U), u = (u1, u2, · · · , uN )

V = (v,V), v = (v1, v2, · · · , uM )

• Q ∈ Ω , U , V

U(Q) = QU = qUud, V(Q) = QV = qV vc

,

qU , qV ∈ R,

d = (d1, d2, . . . , dN )T ∈ QN , c = (c1, c2, . . . , cM )T ∈ QM .
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T

T (2)

• U ui ∈ Ω (i = 1, . . . , N) U
U(ui) = 1 × u1

i .

• , V V(ui) = kiv
ti . , ki ∈ R+ ( ),

ti = (t1i, . . . , tMi)
T, tji ∈ Q (j = 1, . . . ,M).

• T (ui) = kiv
ti .

• Q ∈ Ω U U(Q) = QU = qUud

QV = T (QU ) = (qUkd)vc, c = Td,

. , T = [t1, t2, · · · , tN ] M × N ,
kd :=

∏N
i=1 kdi

i = kd1

1 · · · kdN

N .
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T

T (3)

• T : QU 7→ QV

k = (k1, k2, . . . , kN )T ∈ RN
+ ,

T ∈ L(QN , QM )

. , T = (k, T ) .

• rankT = M .

• d = 0 , QV = QU (= qU ) . ,
.
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.

— EUS



— EUS

(1)

• N = M , U % V , V % U . ,
U ∼ V U ‖ V .

• U ∼ V , T . 1 1
, QU = QV .

• N “∼” , N
.

• (equivalence class of unit systems, EUS)
.
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— EUS

(2)

• ( )
(MKS) ∼ (CGS)

•
(mrCGS-Gauss) ‖ (rCGS-esu),
(mrCGS-Gauss) ‖ (rCGS-emu),
(rCGS-emu) ‖ (rCGS-esu)

•
(MKSA) ∼ (MKSΩ) ∼ (MKSV) ∼ (MSVA)
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— EUS

(3)

• U ∼ V , QU = U(Q), QV = V(Q)
U−1(QU ) = V−1(QV ) , .

,

QU = QV , , qUud = qV vc

.

• , Q = qUud = qV vc ,
.

• : (MKSΩ) ∼ (MKSA) , 1.2Ω = 1.2m2kg s−3A−2 (= R).

• : (CGS) ∼ (MKS) , 1 erg = 10−7 J (= E).
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— EUS

• 3 U , V , W T = (k, T ) S = (h, S)

: U
T→ V

S→ W .

• QV = T (QU ) = qUkdvTd S(QV ) = qV hcwSc ,

ST (QU ) = qUkdh(Td)wS(Td) = qU(khT )dw(ST )d.

h(Td) =

M
∏

j=1

h
PN

i=1
Tjidi

j =

N
∏

i=1

M
∏

j=1

h
Tjidi

j = (hT )d

, (hT )i =
∏M

j=1 h
Tji

j (i = 1, . . . , N),

kdk′d = (kk′)d, kk′ = (k1k
′
1, . . . , kNk′

N ).

• , :

ST = (hT k, ST )
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— EUS

• U , U ′ T = (k, T ) : U → U ′,
S = (h, S) : U ′ → U .

• ST = (hT k, ST ) I = (1N , I) ,

h = k−T−1

, S = T−1

, 1N = (1, 1, . . . , 1)T N .

• T = (k, T )

T −1 = (k−T−1

, T−1).
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— EUS

• (EUS) U = {U,U ′, . . .} .

• EUS D = (k,D) : U → U ′

. ,

qUud = qUkdk−dud = qU ′(k−1u)d = qU ′(k−1u)D
−1Dd = qU ′u′d′

, qU ′ = qUkd, u′ = (k−1u)D
−1

, and d′ = Dd.

• , EUS

QU = qUud = qU ′u′d′

= · · ·

.

• QU , .

• , EUS , .
e .
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— EUS

EUS

• EUS U = {U,U ′, . . .} e

QU = qUud = q′Uu′d′

= · · ·
PU = pUub = p′Uu′b′ = · · ·

, d = b ,

QU + PU = (qU + pU)ud = (q′U + p′U)u′d′

= · · ·

EUS U (U-addible) .

• QU + PU ′ OK.
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— EUS

e-

• , e ,
.

• EUS ,
...

• , Maxwell
.

• , ,
.
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.

EUS



EUS

EUS

• U % V ( ) EUS U � V

. , , :
U � U

′
U
′ � U U = U

′.

• EUS U � V (partial order) .

U - V U 6- V

U % V U = V (N = M) U � V (N > M)

U 6% V U ≺ V (N < M) U ‖ V (N <=> M)
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EUS

EUS
• T : U → V EUS U, V .

U � V

T : (QU ∈ U) → (QV ∈ V)

• EUS T T : U ∈ U → V ∈ V,
T ′ : U ′ ∈ U → V ′ ∈ V .

• T ′ = CT D−1 . ,
D : U → U ′, C : V → V ′.

U U ′

V V ′

D

D−1

C

C−1

U

V

T T ′T

· · ·

· · ·
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EUS

N = 5

N = 4

N = 3

N = 2

(MKSAQ)

(mHL)

(mHL/c0)

(MSVA) (MKSA) (MKSΩ)

γ

µ0, ε0

µ0

µ0

ε0

ε0 Z0

c0 c0

(rCGS-esu)(rCGS-emu) (MKSA/Z0)

(rCGS-esu/µ0)(rCGS-emu/ε0) (MKSA/Z0/c0)

• “�” . EUS ,
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.

1



1

• U � V . L = #(U) − #(V ) = N − M(≥ 1) .
• T (M × N , rankT = M) C (M × M), D (N × N)

J = [IM |0] =







1 0
. . .

0 1

0 .. 0
...

...
0 .. 0






(M × N)

, T = C−1JD . ( )
(IM M × M )

•

U
D→ U ′ J→ V ′ C−1

→ V, #(U ′) = N, #(V ′) = M

D = (1N ,D), C = (1M , C), J = (k′, J) k′ = kD−1

•

C−1JD = (1JD
M k′D

1N , C−1JD) = (k, T ) = T
( ) 2012.1.8–9 53 / 80



1

1

• d′
h = eM+h (h = 1, . . . , L) Ker J . ,

Jd′
h = 0.

• D−1 dh = D−1d′
h ∈ Ker T , ,

Tdh = 0.

• dh U

XhU = k−dhudh (h = 1, . . . , L)

T , , 1 ;

XhV = T (XhU ) = k−dhkdhvTdh = 1v0 = 1
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1

1

• V , e XhV (h = 1, 2, . . . , L) 1.

• e Q1U Q2U

Q1U = Xd1

1U
· · ·XdL

LU
Q2U, (d1, . . . , dL)T ∈ QL

, Q1V = Q2V.

• T : U → V T
−1(1) = {Xd1

1U
· · ·XdL

LU
| d1, . . . , dL ∈ Q}

.

• , 1
, . ( : c0 = 1 .)
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.



• ESU .
—

• U � V , V U .

• . U ′ ∈ U ,

XhU ′ = k−dhu′d′

h = (k′
M+h)−1u′

M+h

, k′d′

h = kdh .

• U ′ , QU ′ = qUu′d′

e QU ,

NU ′(QU) = X
−d′M+1

1U ′ · · ·X−d′M+L

LU ′

NV (QU) = 1 , QU ′ (d′M+1, . . . , d
′
M+L)

.
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(2)

•

Q̃U ′ = NU ′(QU)QU = qU(k′
M+1)

d′M+1 · · · (k′
M+L)d

′

M+Lu
′d′

1

1 · · · u′d′
M

M

, e Q̃U = N(QU)QU

ũ′ = (u′
1, . . . , u

′
M ) ⊂ u′ .

• v′ = Ju′ , ũ v′ : v′i = ũ′
i

(i = 1, 2, . . . ,M). , Q̃U ′ QV ′ , Q̃U QV

1 1 .

• QU 7→ Q̃U = NU(QU)QU T : QU 7→ QV .
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ΩU

ΩV
QU

R × QM ∼ ΩV

T

Q̃U = NU (QU )QU

QV = T (QU ) = (qV , c)

v1
v2

vN
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• Q1U Q2U e Q̃1U = NU(Q1U)Q1U

Q̃2U = NU(Q2U)Q2U .

• Q̃1U = Q̃2U U Q1U 6= Q2U

. NU(QU) .

• V ( V) Q̃V
U = NV

U (Q)QU

Q̃V

U
= NV

U
(Q)QU .
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• U ‖ V , W % U ,
W % V W .

• W

Q̃U
W = NU

W (Q)QW , Q̃V
W = NV

W (Q)QW

, U V W .

• (rCGS-emu) (rCGS-esu) (MKSA) .
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— (1)

• . ,
QU = QV .

• MKSA ( SI) ISI = 1A ,
CGS-emu Iemu =

√
4π × 10−1

√
dyn

.

• , ISI = Iemu .

• , 1A =
√

4π × 10−1
√

dyn .
• rCGS-emu , “A” .
• MKSA , 1 A =

√
40π × 10−3

√
N .
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— (2)

• ISI/A = 1 and Iemu/
√

dyn =
√

4π/10 ,

Iemu√
dyn

=

√
4π

10

ISI

A

.

• ,
√

dyn A
.

Iemu =

√
4π

10

[

ISI

A

]

√

dyn, ISI =
10√
4π

[

Iemu√
dyn

]

A

• , .

Iemu =

√
4π

10
ISI

√
dyn

A
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— (3)

• , MKSA (SI)

Ĩemu
SI =

√

µ0,SIISI

• Iemu Ĩemu
SI . µ0,SI = 4π × 10−7 N/A2 .
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—

• MKSA

BSI = µ0,SIHSI

, rCGSemu ,

Bemu = Hemu

• , BSI = Bemu HSI = Hemu

µ0,SI = 1 .

• , B̃emu
SI := (1/

√
µ0,SI)BSI, H̃emu

SI :=
√

µ0,SIHSI,
, B̃emu

SI = H̃emu
SI , .
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—

• .

q̃esu
SI = qSI/

√
ε0SI, q̃esm

SI =
√

µ0SI qSI

√
Nm,

√
Ns.

• , Weber-Kohlrausch

q̃esu
SI

q̃emu
SI

= c0SI

• MKSA rCGS-emu rCGS-esu
.
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.



• , . u = (A,V)
v = (W,Ω) ,

T (A) = 1W1/2Ω−1/2, T (V) = 1W1/2Ω1/2

.

• T = (k, T )

k = (1, 1), T =

[

1/2 1/2
−1/2 1/2

]

• KerT = {0} , T . , U ∼ V .
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• . u = (m, s), v = (m)

T (m) = 1m, T (s) = {c0}U m

• ,

k = (1, {c0}U ), T =
[

1 1
]

, c0 , {c0}U := c0U/(m/s) = 299 792 458.
U � V .

• d1 = (1,−1)T ∈ Ker T , ,

X1U = k−d1ud1 = {c0}U m s−1 = c0U

• V X1V = c0V = 1 .
, “c0 = 1 ” .
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MKSA CGS emu

• U = (MKSA), u = (m, kg, s,A), V = (rCGS emu), v = (cm, g, s).

Iemu√
dyn

=

√
4π

10

ISI

A
, T (A) =

√
4π10−1 cm1/2g1/2s−1

• ,

k = (100, 1000, 1,
√

4π/10}), T =





1 0 0 1/2
0 1 0 1/2
0 0 1 −1





• d1 = (1, 1,−2,−2)T ∈ Ker T

X1U = 100−1 × 1000−1 × 4π × 10−2 m kg s−2 A−2

= 4π × 10−7 N/A2 = µ0U

, V µ0V = 1.
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MKSA CGS esu

• U = (MKSA), u = (m, kg, s,A), V = (rCGS esu), v = (cm, g, s).

Iesu√
dyn · cm/s

=
√

4π × 10 × {c0}U
ISI

A

, T (A) = 10
√

4π{c0}U cm3/2g1/2s−2,

k = (100, 1000, 1, 10
√

4π{c0}U ), T =





1 0 0 3/2
0 1 0 1/2
0 0 1 −2





d1 = (−3,−1, 4, 2)T ∈ Ker T ,

X1U = 1003 × 1000 × (4π)−1 × {c0}−2
U m−3 kg−1 s4 A2

=
1

4π × 10−7 × {c0}2
U

A2

N

s2

m2
=

1

µ0Uc2
0U

= ε0U

ε0V = 1 .
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MKSA 3

• MKSA 3 .
u = (m, kg, s,A), v = (m, kg, s).

• Z0 U
Z0U =

√

µ0U/ε0U = c0Uµ0U .

• PU IU PU = Z0UI2
U .

• T (A) =
√

{Z0}U m kg1/2s−3/2

k = (1, 1, 1,
√

{Z0}U ), T =





1 0 0 1
0 1 0 1/2
0 0 1 −3/2





, {Z0}U = Z0U/Ω = {c0}U{µ0}U ∼ 377.

• d1 = (2, 1,−3,−2)T ∈ Ker T
X1U = {Z0}U m2 kg s−3 A−2 = {Z0}U Ω = Z0U Z0V = 1 .
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MKSA 3

• Maxwell ,

DU = ε0UEU , HU = µ−1
0UBU

DV = c−1
0V EV , HV = c0V BV

.

• 1 2 W , w = (m, kg)
c0W = 1 ,

DW = EW , HW = BW

• V W (MKSA/Z0), (MKSA/Z0/c0) .
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MKSAQ

• 5 .
U = (MKSAQ), u = (m, kg, s,A,C).

• , γ
. U [γ]U = C/(A s).

γ−1
U

∂%U

∂t
= − div JU

• [ε0]U = C2/(Nm2), [µ0]U = N/A2.

• Maxwell

div DU = %U , div BU = 0,

curlHU = JU + γ−1
U

∂DU

∂t
, curlEU = −γ−1

U

∂BU

∂t
,

DU = ε0UEU , HU = µ−1
0UBU
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MKSAQ

•

c0U =
γU√

µ0Uε0U
, Z0U =

√

µ0U

ε0U
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MKSAQ MKSA

• V = (MKSA) T (C) = 1A s ,

k = (1, 1, 1, 1, 1), T =









1 0 0 0 0
0 1 0 0 0
0 0 1 0 1
0 0 0 1 1









• d1 = (0, 0,−1,−1, 1)T ∈ Ker T , X1U = 1C/(sA) = γU

γV = 1 .
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MKSAQ mHL

• , U = (MKSAQ) W = (mHL), w = (cm, g, s) .

• S(A) = 10−1
√

4π
√

dyn S(C) = 10
√

4π{c0}U
√

dyn cm ,

h = (102, 103, 1,
√

4π/10, 10
√

4π{c0}U ), S =





1 0 0 1/2 3/2
0 1 0 1/2 1/2
0 0 1 −1 −1





• c1 = (1, 1,−2,−2, 0)T c2 = (−3,−1, 2, 0, 2)T Ker S ,
X1U = {µ0}U N/A2 = µ0U X2U = {ε0}U C2/(Nm2) = ε0U .

, µ0W = 1, ε0W = 1 .

•

γW = S(γU ) = {γ}U
S(C)

S(A)
s−1 = 100{c0}U cm/s

, γW = c0W , Z0W = 1.
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Heaviside-Lorentz

• Heaviside-Lorentz

c−1
0W

∂%W

∂t
= − div JW ,

div DW = %W , div BW = 0,

curlHW = JW + c−1
0W

∂DW

∂t
, curlEW = −c−1

0W

∂BW

∂t
,

DW = EW , HW = BW

• , ( ) Heaviside-Lorentz Gauss
, J ′

W = c0W JW .
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•
— , EUS

• N , , .

• 1 EUS

• , EUS .

• EUS

• (?)
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