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METALLIC AMMONIUM 

M. J. M. Bernal and H. S. W. Massey 

(Received 1954 February 3) 

Summary 

It has been pointed out by Ramsey that metallic ammonium (NH4) may be 
important in determining the properties of Uranus and Neptune. The 
pressure-density relation for this metal at pressures of importance in this 
connection is calculated by quantal methods. The transition pressure for 
the phase transition from mixed crystals of ammonia and hydrogen (NH3 and 
i H2) to ammonium metal is also investigated and found to be almost certainly 
less than 250 000 atmospheres, so that the metallic phase will persist through- 
out the bulk of the two planets mentioned. 

Introduction.—The importance of allowing for phase changes which occur at 
high pressures, in determining the constitutions of the planets, has been emphasized 
by Ramsey (1). Unfortunately the investigation of the conditions under which 
these phase changes take place is extremely difficult. The transition pressures are 
usually beyond the reach of available experimental technique, while the processes 
are usually too complex for theoretical treatment. An exception in the latter 
respect is the transition from the molecular crystal to the metallic form of hydrogen. 
This has been treated quite thoroughly theoretically by Wigner and Seitz (a) and 
by Kronig, de Boer and Korringa (3). Their results, which provide, in numerical 
form, an equation of state for hydrogen at pressures of the order of those 
encountered within the major planets, have been applied by Ramsey (4) to the 
elucidation of the constitution of these planets. He finds that whereas Jupiter 
and Saturn are predominantly hydrogen, Uranus and Neptune, which have much 
smaller masses, have lost most of their hydrogen. For these planets the principal 
constituents aré likely to be water, methane and ammonia. This raises an inter- 
esting opportunity for further theoretical investigation. 

It has long been known that the ammonium ion NH4
+ behaves in many ways 

like an alkali metal ion. The existence of the so-called ammonium amalgam, 
produced when sodium amalgam is mixed with a solution of ammonium chloride, 
shows that this similarity persists to some extent into the metallic phase. In other 
words ammonium metal is probably stable above a comparatively low transition 
pressure. Ramsey (4) points out that metallic ammonium is therefore likely to be 
an important constituent of Uranus and Neptune. Owing to the comparatively 
high symmetry of the molecular structure of the NH4

+ ion it is possible to carry out 
calculations of the properties of metallic ammonium which should be of sufficient 
accuracy for application to planetary constitution. Apart from this application 
such calculations are also of interest as providing an estimate of the order of magni- 
tude of the transition pressure for the phase change from the mixed ammonia and 
hydrogen molecular crystals to the metal. 

In this paper we give the results of a theoretical investigation on these lines. 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



Metallic ammonium No. 2, 1954 173 

Calculation of the equation of state of metallic ammonium.—The basis of the 
method used is provided by the work of Buckingham, Massey and Tibbs (5) on the 
properties of methane. They obtained a self-consistent field for this molecule by 
first averaging the proton distribution over a sphere. The resulting central 
field problem may then be dealt with by exactly the same methods as for the self- 
consistent fields of atoms. The results obtained were very encouraging and 
suggested that, for many purposes, the approximation is quite a satisfactory one. 
To deal with the ammonium problem the field of the ammonium ion is first obtained 
as for methane by averaging the tetrahedral distribution of protons over a sphere of 
radius r0. The value of r0 was chosen from a preliminary investigation (6) carried 
out by one of us (M. J. M. B.) in which the total energy of the tetrahedral ion was 
calculated as a function of r0 by a simple variational procedure. The minimum 
value of r0 obtained in this way (r0 = 1-84^0) was then adopted for the further 
calculations. 

Having chosen r0, a self-consistent field for the ion with spherically symmetrical 
proton distribution was obtained in the usual way. In Table I the self-consistent 
wave functions and the effective nuclear charges (Zp) for potential are given. 

Once the self-consistent wave functions are obtained the usual procedure of the 
theory of metals (7) may be adopted to calculate the energy of ammonium metal as a 
function of the nitrogen-nitrogen separation. The metal is divided into polyhedra 
centred round each nitrogen nucleus, and the ground-state wave function of the 
metallic electron must contain the correct number of nodes within the polyhedron 
and have vanishing slope at the boundary walls of the polyhedron. To simplify 
the calculation it is usual to represent the polyhedra by spheres of radius a, 2a being 
the separation of the nitrogen nuclei. It has been shown by Wigner (8) that the 
various corrections which should be applied to the results obtained by this 
simplified procedure are not very significant for the alkali metals. Since 
ammonium metal is likely to be essentially similar, we have ignored these 
corrections. 

The equation for the wave function Pjr of the metallic electron is, in atomic 
units, 

P"{r) + 2[e-(y+r-'ZeS)\P{r)-\uPls{r)-\Mr) 

= -2S(2/+i) [V« \r P{r Jr,1 dr 1 + rl 

nZ L ^ 0 Jr J 

PnM, (I) 

where V is the potential due to the nitrogen nucleus and proton distribution 

r=-?. 
T 

_ II 

r 

r-1 Pnl are the normalized NH4+ wave functions (the values of Pnl given in Table I 
are not normalized), and Zeff is the effective central charge of the NH4

+ electrons 

-Zeff = 2Zp(lî) + 2Zp (2S) + 6 Zp (2p), 

where Zp(is), Zp(2s) and Zp(2p) are given in Table I. 

r<r0, 

r^r0, 
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r 
0*00 
0*02 
0*04 
o-o6 
o-o8 
o-io 
0*12 
0*14 
o*i6 
o*i8 
0-20 

0*24 
0-28 
0*32 
0-36 
0-40 
0*44 
0*48 
0*52 
0-56 
o-6o 
0- 64 

0*72 
o*8o 
0-88 
096 
i *04 
1*12 
1 *20 
1- 28 
1*44 
i*6o 
176 
1*92 
2*08 
2 24 
2*40 
2*56 
272 
2-88 
3 04 
3*30 
3 36 
3-52 
368 
3- 84 
4*oo 
4*16 

4- 48 
4*80 
512 
5*44 
576 
608 
6*40 
672 
7*04 

Self- 

P(is) 
o-oooo 
0-1739 
0-3028 
0-3956 

% 0-4598 
0-5014 
0-5252 
0-5353 
0*5348 
0-5262 
0-5116 

o -4708 
0-4219 
0-3709 
0*3214 
0-2753 
0-2337 
0-1969 
0-1649 
0-1373 
0-1139 
0-0941 

0-0638 
0-0429 
0*0287 
0-0194 
0-0134 
o -0097 
0-0078 

Table I 

consistent wave functions and values for 

P(zs) 
0-0000 
0-1737 
0-3012 
0-3905 
0-4487 
0-4813 
0-4930 
0-4877 
0-4686 
0-4384 
0-3993 
0-3015 
0-1869 
0-0639 

—00616 
-0-1853 
-0-3043 
— 0-4166 
—0-5210 
—o-6i68 
—07037 
—0-7817 

—0-9119 
— i-0105 
— i-o8i6 
— i-1294 
— 1-1580 
-1-1709 
— 1-1711 
— i-i6ii 
-I-II79 
-1-0528 
-0-9725 
—0-8808 
-07835 
-0-6872 
—0-5962 
-0-5127 
"0-4377 
-0-3714 
-03135 
—0-2634 
—0-2204 
-0-1837 
-0-1525 
—01261 
—0-1038 
—0-0857 

—00581 
-0-0391 
—00262 
-0-0174 
—0-0115 
— 0-0076 
-0-0050 
-0-0033 
— 0-0021 

Z^is) 
0 -oooo 
0-1318 
0-2563 
0-3698 
0-4705 
0*5582 
0-6334 
0-6974 
07512 
07962 
0-8336 

0-8899 
0-9278 
0-9530 
0-9695 
0-9804 
0*9874 
0-9920 
0*9949 
09968 
0-9980 
0-9987 

0*9995 
0-9998 
0*9999 
1 -oooo 

Zp(zs) 
0-0000 
0-0193 
0*0383 
0-0569 
0*07505 
0-0927 
0*10995 
0-1268 
0*1433 
0-1596 
0*17565 
0-20735 
0-23875 
0-27005 
0*30135 
0-3326 
0*36385 
0*39485 
0-4256 
0-4560 
0*48575 
0*51485 
0-57065 
0-62265 
0-67045 
07139 
07529 
0-7877 
0-8184 
0-8454 
0-8893 
0-9219 
0-9457 
0-96265 
0-97455 
0-9828 
0-98845 
0-9923 
0-99485 
0-99665 
0-9978 
0-99855 
0-99905 
0-99944 
0-9996 
0-99976 
0-99985 
0-9999 

0-99995 
I -OOOO 

Zv(2p) 
o -oooo 
0*01595 
0-0319! 
0*0478 6 
0-0638! 
0-07975 
0*09569 
o -1116j 
0*12751 
0*14337 
0*1592 

0-1907! 
0-22196 
o*25286 

0*28334 
0*31334 
0*34277 
0*37159 
0*39974 
0-42716 
0*45383 
0*47972 
o-52908 
o*575i2 
0-61783 
0*65726 
0*69351 
o-72668 

075694 
07844 
0-8318 
0-8700 
0-9005 
0-92445 
0*9430 
0*95723 
0-96806 
0*97625 
0*9824 
0-9870! 
0-99044 
0*99299 
0-00487 
0-99624 
0 *99726 
0-9980! 
0*99855 
0*99895 

0*99945 
0*99972 
o*99986 

0*99993 
0*99997 
0*99998 
0*99999 
1 -oooo 

N(zs)= 0*500120 [ {N(nl)}2 {P(nl)}2dr=i 
N(zp)= 1*450171 I Jo 

2^eff 
o -oooo 
07957 
1- 5614 
2*2811 
2- 9478 
3 5605 
4*1219 
4- 6361 
5- I083 
5'5436 
5*9472 
6- 6774 
7'3296 
7 9263 
8*4837 
9-0119 
9-5i84 

I0-0064 
10- 4788 
10*9370 
11- 3809 
ii -Sin 

12*6296 
13- 39I4 
14- 0956 
14- 7426 
15- 3337 
15- 8709 
16- 3569 
167944 
17- 5388 
18- 1276 
18-5888 
18- 9440 
19- 2141 
19-4180 
I9-5705 
19-6842 
197683 
19-8307 
19*8765 
19-9101 
19-9346 
19-9524 
199655 
19-9751 
19-9820 
19-9870 

19-9933 
19-9966 
19-9983 
199992 
19-9996 
19- 9998 
199999 
20- 0000 
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The parameters Als and À2s are adjusted so that r_1P is orthogonal to and 

The terms on the right-hand side represent the exchange interaction. Strictly 
speaking the core functions Pnl should be determined from equations of the same 
form as (1), in which the effect of interaction with the metallic electron is included. 
This effect is likely to be very small and has been ignored throughout. Further- 
more in (1) the contribution from terms involving the is electron is also very small 
and has been neglected. 

The function P/r is of 3s type, e must therefore be determined so that P has 
two nodes between r = o and r = a and d/dr (P/r) vanishes at r = 0. 

The numerical calculations were carried out by an iterative procedure which 
converged quite quickly. Numerical solutions were first obtained with the 
exchange terms in (1) ignored. For a particular value of a, the function P0 

obtained in this way was substituted in the right hand-side of (1). The resulting 
equation was solved with Als and A2s put equal to zero, to obtain a new approximation 
P^ e! to P and €, for this value of a. This approximation does not satisfy the 
orthogonality condition but it is not difficult to guess a modified function Px + 7^P2s 

which does satisfy it, at least approximately. This function is then substituted 
for P on the right-hand side of (1) and further approximate solutions for P and e 
obtained. It was found from experience that this approximation is accurate 
enough for the present calculations. 

Fig. i illustrates the variation of e with a3 obtained in this way. The con- 
siderable importance of the exchange interaction may be seen by comparison of 
curve I, obtained by neglect of exchange, with curve II, in which it is included. 

So far the calculations have referred only to the lowest level in the conduction 
band of the metal. The actual energy per polyhedron relative to the gaseous 
ion is obtained by adding the mean Fermi energy. For alkali-like metals this is 
given quite closely (7) by 

3 /9^\2/3 I’10 • • T • 1 i- • • eF = — I — ) —5—5 = —5- atomic units if a is also measured m atomic units. 
10 \ 4 / ¿\TT¿ma¿ a¿ 

This energy is represented as a function of a3 by curve III in Fig. 1. The final 
calculated variation of the electronic energy with the volume per nitrogen atom in 
the metal is then represented by curve IV in Fig. 1. This gives the amount per 
nitrogen atom by which the energy of the metal falls below that of the free ion 
NH4+. The equation of state of the metal at 0 deg. K may now be obtained from 
the relation 

p being the pressure when the volume per ion is f tt#3. 
Table II gives the pressure-density relation obtained in this way for a range of 

pressures of interest in connection with the constitution of Uranus and Neptune. 

It remains to consider what can be said about the transition pressure for the phase 
change to the metallic state. 

The transition pressure.—To calculate the transition pressure the energy- 
volume relation for the mixed molecular ammonia-hydrogen crystal and for the 
metal must be available, both of course calculated from the same zero. The slope 
of the common tangent to the two curves then gives the transition pressure a 
o deg. K. 
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To carry out this procedure it is necessary to determine the difference in energy 
between the two phases when each is in its lowest state. We have, per nitrogen 
atom, denoting the energy per molecule of a compound XY by [XY], 

[NH4, metal] = [NH3, gas] — Proton affinity of NH3 + (e + er)0, 

[NH3, crystal] + \ [H2, crystal] = [NH3, gas] - /H - ^ Z) (H2) 

+ e (NH3, crystal) + |e (H2, crystal) 

+ ei2* 1 (3) 

Fig. i.—Calculated energy-volume relations at o deg. K for metallic ammonium. 
Curve I. Ground-state energy calculated neglecting exchange. 
Curve II. Ground-state energy calculated with inclusion of exchange. 
Curve III. Mean Fermi energy. 
Curve IV. Calculated total energy. 

The energy zero is that of a free NH±+ ion. 
The point O is the estimated equilibrium point for mixed crystals OP is the 

estimated common tangent to the curves for the metallic and mixed crystal phases. The uncertainty 
in the energy of the mixed crystal relative to the metal due to the uncertainty of the proton affinity 
of ammonia is indicated by the lines AA\ BB' respectively. 
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/H is the ionization energy of atomic hydrogen and D (H2) the energy of dissociation 
of H2; —e(NH3, crystal) and — e (H2, crystal) denote the binding energies per 
molecule in the respective crystals. e12 is the energy per NH3 molecule arising 
from mixing the two molecular crystals. 

Table II 

Pressure—density relation for metallic ammonium at o deg. K 

Pressure (io12 dyne/cm2) Density (g cm-3) 

270 
2-64 
2-55 
2-44 
2*28 

4-0 
3-5 
3 
2*5 
2 
i'5 
i o 
0-8 
o*6 
o*4 

2 09 
i *8o 
i -66 
i 50 
i -28 

*- 

To determine the difference between the metal and molecular crystal energies 
we still need to know the proton affinity of NH3 and the molecular crystal binding 
energies. The proton affinity of NH3 is large and must be known with reasonable 
accuracy for present purposes. It cannot be calculated directly but may be 
determined in principle as follows (9). Let Q be the heat evolved in the reaction 

2 N2 (gas) + 2H2 (gas) + f Cl2 (gas) = NH4 Cl (solid). (4) 

This reaction may be regarded as equivalent to the successive reactions 

i N2 (gas) + f H2 (gas) = NH3 (gas) + 

i H2 (gas) = H (free) + Q2> 

H (free) = H + (free) + e + QSy 

1 Cl2 (gas) = Cl (free) + 04, 

Cl (free) + e= Cl~ (free) + Q5> 

NH3 (gas) + H+ (free) = NH4+ (free) + P, 

NH4+ (free) + Ch (free) = NH4 Cl (solid) + 06. (5) 
Hence 

0== 01 + 02+03 + 04 + 05+^+06» (6) 

where the 0’s are the heats evolved in each reaction and P is the required proton 
affinity. All of the Q’s in (6) are known from direct measurement except Q6. 
This must be obtained from the heat of sublimation of NH4C1 by the method of 
Born and Mayer (10). 

This procedure can be applied equally well to the other ammonium halides 
and the spread in the resulting values of P gives some indication of the accuracy 
of its determination. In electron-volts we find P = 9*55, 9*11, 8*94 and 8*72 from 
the fluoride, chloride, bromide and iodide respectively. This suggests that 
P=9-06 ± 0*5 eV but the uncertainty may be even larger than this. 
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The molecular crystal binding energies are of the order 2 kilocalories per mole 
or o-i eV. This is considerably smaller than the uncertainty in the proton 

affinity and can therefore be ignored. We now have 

Proton affinity of NH3= 9*06 eV Ionization energy of H = 13*54 eV 
— (e + €r)0 = 5*84 eV I Dissociation energy of H2 = 2*22 eV 

14*90 eV 15*76 eV 

The minimum energy per nitrogen atom of the metal is clearly quite close to 
that of the mixed molecular crystal. The above calculation shows it to be only 
o*86 eV larger. On the other hand, the uncertainty in the proton affinity indicated 
above is as much as ±0*5 eV and other uncertainties arising from the approxi- 
mations made in the calculation are likely to be comparable. This makes a 

reasonably accurate determination of the transition pressure difficult. 
The equilibrium volume in the mixed crystal is not known from direct obser- 

vation, but for present purposes it will suffice to suppose that the NH3-NH3 and 
H2-H2 separations remain the same as in the separate molecular crystals. 

The densities of these crystals are 0*82 and 0*087 g cm-3 respectively. It 
follows that the mean volume per nitrogen atom in a stoichiometric mixture is 
53*9 x io-24 cm3. This is indicated in Fig. 1 in relation to the equilibrium volume 
per nitrogen atom in the metal (47 x io-24 cm3). 

In this figure the energy level of the equilibrium state of the mixed crystal 
is indicated, together with the uncertainty in this arising from the estimated 
uncertainty in the proton affinity alone. 

To complete the estimation of the transition pressure it would seem necessary 
to know also the shape of the energy-volume curve for the mixed crystal near the 

equilibrium volume. Fortunately this is not really required. Reference to Fig. 1 
shows that the slope of the common tangent to the equation of state curves for the 
two phases is very nearly that of the tangent to the metal curve from the equilibrium 
point of the mixed crystal curve. Taking the energy difference per nitrogen atom 
between the phases as 1*35, 0*85 and 0*35 eV, the range indicated from uncertainty 
in the proton affinity only, the transition pressure is found to be 140 000, 100 000 
and 60 000 atmospheres respectively. It must be remembered that the uncertainty 
in this estimate is greater than indicated by this range. A transition pressure 

considerably less than 60 000 atmospheres is certainly not excluded. On the other 
hand, it is extremely probable that it is so low that metallic ammonium is the most 
stable phase throughout the main bulk of the planets such as Uranus and Neptune. 
Thus the calculated cohesive energy of metallic ammonium is not likely to be too 
large by as much as 0*5 eV as judged from comparison of the calculated and observed 
cohesive energy of the metallic sodium. In fact the calculated value is more 
likely to be too small, so decreasing the critical pressure. It is also likely, from 
comparison with sodium, that the equilibrium separation in the metal is over- 
estimated in the calculation. This would also lead to an overestimate of the 
transition pressure. However, even if the energy difference per nitrogen atom 
were increased to 1*85 eV (assuming 0*5 eV overestimate of the cohesive energy and 
the lowest estimate of the proton affinity) the transition pressure would not exceed 
250000 atmospheres. 

Although the foregoing theory cannot yield very accurate results it establishes 
that there is only a comparatively small energy difference per mole between the 
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metallic and mixed crystal phases. It is just possible that the transition pressure is 
low enough to be attained in the laboratory, but the difficulty of carrying out an 
experiment to produce the metal from the mixed crystal is so great that effort in 
this direction hardly seems justified at present. 
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