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Introduction

References for basic material [?, Lee97, Spi79, War83|.
More advanced references: [Bes87, Pet06, Poo81],

1 Lecture 1

1.1 Vectors, and one-forms

Let M be a smooth manifold. A vector field is a section of the tangent bundle,
X € I(T'M). In coordinates,

X =X'0;, X'e ™M), (1.1)
where
%)
== 1.2
al axl7 ( )

is the coordinate partial. We will use the Einstein summation convention: repeated
upper and lower indices will automatically be summed unless otherwise noted.
A 1-form is a section of the cotangent bundle, X € I'(T*M). In coordinates,

w = widx’, w; € C™(M). (1.3)

Remark 1.1. Note that components of vector fields have upper indices, while com-
ponents of 1-forms have lower indices. However, a collection of vector fields will be
indexed by lower indices, {Y7,...,Y,}, and a collection of 1-forms will be indexed by
upper indices {dx',... dz"}. This is one reason why we write the coordinates with
upper indices.

Note that a smooth mapping f : M — N induces mappings

fe:TM — TN .

f* TN — T*M. (1.5)
The first mapping is defined as follows. If X € T,M, let v : (—¢,€) — M be a smooth
curve satisfying v(0) = p, 7/(0) = X. Then

d

1(X) = 2/ 0o, (1.6)

Alternatively, since a tangent vector is equivalent to a linear derivation on germs of
smooth functions around a point, we can define

(£ X) s = X(o f), (1.7)

where ¢ is a germ of a smooth function at f(p).

5



The second mapping is then defined by
(fw)(v) = w(fiv). (1.8)

Another way to say this is that under a mapping, we can push forward a vector,
and pull back a one-form.
We always have mapping

ff:T(T*"N) = T'(T"M). (1.9)
However, in general there is not a mapping
fo : T(TM) —T(TN), (1.10)
but later we will be able to make sense of the following: if X € I'(T'M), then
fuX € D(f*TN), (1.11)

where f*T'N is called a pull-back bundle.
Note the following important proposition.

Proposition 1.2 (The chain rule). If f : M — N, and h : N — M’ are smooth
maps, then

(hof)e=hyo fi : TM —TM (1.12)
(ho f)* = f*oh* : TM' — TM. (1.13)

1.2 Exterior algebra and wedge product

For a real vector space V', a differential form is an element of A?(V*). The wedge
product of a € AP(V*) and 5 € AY(V*) is a form in APT9(V*) defined as follows. The

exterior algebra A(V*) is the tensor algebra

A(VF) = {@(v*)@k}/zz @D AK(V) (1.14)

k>0 k>0

where Z is the two-sided ideal generated by elements of the form a ® a € V* @ V*.
The wedge product of a € AP(V*) and € A?(V*) is just the multiplication induced
by the tensor product in this algebra.

The space A*(V*) satisfies the universal mapping property as follows. Let W be
any vector space, and F' : (V*)®k — W an alternating multilinear mapping. That
is, F(at,...,a%) = 0if o' = o’ for some i,j. Then there is a unique linear map F
which makes the following diagram

(V)" —= AF(V)



commutative, where 7 is the projection
(o, .,af)=al Ao AP (1.15)

We could just stick with this definition and try and prove all results using only this
definition. However, for calculational purposes, it is convenient to think of differential
forms as alternating linear maps from Ve - R. For this, one has to choose a pairing

AR(V) 22 (AR(V)*. (1.16)

The pairing we will choose is as follows. If a = a'! A---Aa¥ and v = v; A -+ A vy,
then

a(v) = det(a’(v;)). (1.17)
For example,
ol A (v Avg) = ot (v1)a?(v) — ot (vy)a? (vy). (1.18)
Then to view as a mapping from V& — R, we specify that if a € (Ak(V))*, then
a(vy, ..., vk) = alvp A Avg). (1.19)
For example
ol Aa? (v, v) = al(v)a? (vy) — al(v)a? (vy). (1.20)
With this convention, if a € A?(V*) and 5 € AY(V*) then
aABvr;. - Uprg) = ]% > sign(0)a(voq), -, Vo) BUs(pi1)s - -, Vaipra):

" 0€Sp4q

(1.21)

This then agrees with the definition of the wedge product given in [Spi79, Chapter 7].
Some important properties of the wedge product

e The wedge product is bilinear (a! +a?) A B =a' AB+a? A B, and (ca) A B =
c(la N p) for c € R.

o If a € AP(V*) and g € AY(V*), then a A f = (—=1)P5 A .
e The wedge product is associative (& A B) Ay =a A (B A 7).

It is convenient to have our 2 definitions of the wedge product because the proofs
of these properties can be easier using one of the definitions, but harder using the
other.



2 Lecture 2

2.1 Differential forms and the d operator

A differential form is a section of AP(T*M). lLe., a differential form is a smooth
mapping w : M — AP(T*M) such that mw = Idy;, where 7w : AP(T*M) — M is the
bundle projection map. We will write w € I'(AP(T*M)), or w € QP(M).

Note that for a smooth mapping f : M — N, we have

flanp)=(fa) A(fP). (2.1)

Given a coordinate system z' : U — R, i = 1...n, a local basis of T*M is given
by dzt,...,dxz™. Then o € QP(U) can be written as

a= Z iy iy dz™ A A da (2.2)
1< <ig < <ip<n

Then we also have

1 i i
a=— Z Qi dT™ N - Ndx', (2.3)

1<i1,i2,..,ip<n

where the sum is over ALL indices.

However, if we want to think of « as a multilinear mapping from TM®" — R,
then we extend the coefficients ay,. ;,, which are only defined for strictly increasing
sequences 41 < --- < i, to ALL indices by skew-symmetry. Then we have

a = Z Ckil.._ipd.’ll'il Q& dxi”. (24)
1<iy ig,...ip<n

This convention is slightly annoying because then the projection to the exterior al-
gebra of this is p! times the original «, but has the positive feature that coefficients
depending upon p do not enter into various formulas.

The exterior derivative operator [War83, Theorem 2.20],

d: QP(T*M) — QPTH(T*M) (2.5)
is the unique anti-derivation satisfying
e For a € QP(M), d(a A B) =da N+ (—1)Pa Adp.
o d’>=0.

o If f € C°(M) then df is the differential of f. (Le., f. : TM — R is a element
of Hom(TM,R) which is unambiguously an element of T'(T*M) = Q(M).)

Next, letting Alt?(T'M) denote the alernating multilinear maps from TM®" — R,
then d can be considered as a mapping

d: AltP(TM) — AltPt (T M) (2.6)



given by the formula

p

dw(xo,...,x,,):Z(—l)jX-( (Xo,...,Xj,...,Xp))

A A

+Z D) w([X5, X5), Xoy o Xy Xy, X)),

1<j

which agrees with the formula for d given in [Spi79, Chapter 7].
Note that in a coordinate system, d is given by

p
10 dp T Z 13 10...1J...zp (28)

j=0

(Note this is indeed skew-symmetric in all indices.)
An important fact is that d commutes with pull-back.

Proposition 2.1. If f : M — N is a smooth mapping, and w € QP(N), then

fHdw) = d(f*w). (2.9)

Another important fact is that we can integrate top-dimensional differential forms
on a compact manifold. But we need to recall orientability. First, an orientation on a
n-dimensional vector space V' is a choice of ordered basis (vy, ..., v,) with equivalence
relation if 2 ordered bases are related by a change of basis matrix with positive
determinant. There are exactly 2 such equivalence classes, and if M is a manifold,
the oriented double cover of M denoted by M is the double cover obtained by replacing
a point p with the 2 orientations on T, M.

Definition 2.2. A manifold M is orientable if any of the following equivalent condi-
tions are satisfied.

e M admits an coordinate atlas (U,, ¢ ) such that the overlap maps are orientation-
preserving ¢, o ngEI, that is, the Jacobian (¢, o ¢El)* has positive determinant.

e ) admits a nowhere-zero n-form.
e The oriented double cover M — M is trivial, i.e., it has 2 components.

If M is orientable, the choice of one of the components of M is called an orientation
on M.

On an oriented n-dimensional manifold, the integral of w € Q"(M) is defined as
follows. Choose an oriented coordinate atlas (Us, ¢). First, assume that w € Q"(M)
has compact support in a single coordinate system U,. Then

(Pa)s(w) = fdz' A~ Nda", (2.10)



where f: ¢4(U,) — R has compact support. Define

/wz/ fda' ... dx". (2.11)
M o (Ua)

By the change-of-variables formula for integrals, this definition is independent of
coordinate system containing the support of w.
Next, if M is compact, or if w has compact support, let x, be a partition of unity

subordinate to U,, and define
w = XaW- 2.12
=%, 212

Since the sum is finite, this definition is independent of the choice of coordinate atlas
and choice of partition of unity.
Integration by parts on manifolds is the following.

Theorem 2.3 (Stokes’ Theorem). Let (M,0M) be a compact oriented manifold with
boundary of dimension n. If w € Q""1(M), then

/ww:/de, (2.13)

where the boundary has the orientation induced from the outer normal, i.e., if v; €
T,(0OM), then the ordered basis (vy, . ..v,_1) is oriented if (v, vy, ..., vy_1) is positively
oriented, for any outward pointing normal vector v.

3 Lecture 3

3.1 Classical tensor calculus

A vector field is a section of the tangent bundle, X € I'(T'M), and the components

of X with respect to a coordinate system x : U — R"™ are functions X* : U — R,
1 =1...n, defined by

e
X=X~ 1
e (3.1)
0

on U, where 577 is the ith coordinate partial, which is a vector field on TU. Given
another overlapping coordinate system 2 : U — R", we can write

0

X=X_. 3.2
8'{5@ ( )
Proposition 3.1. The components of a vector field are related by
. A
X' =—X' 3.3
o (3.3)

Conversely, any collection of locally-defined functions satisfying this relation gives a
well defined vector field X € T'(TM).

10



Proof. Since vector fields are derivations on germs of functions, plug in the function
77 to the equality

0 ~. 0
X' — = X"— A4
oxt oz’ (3-4)
to obtain
0 ) ~ .
X'— (7)) = X. )
(@) (35)
O

Similarly, a 1-form is a section of the cotangent bundle, w € I'(T*M), and the
components of w with respect to a coordinate system z : U — R™ are functions
w; : U —R,i=1...n, defined by

w = wdz’ (3.6)
on U. Given another overlapping coordinate system 2 : U — R", we can write
w = @;di". (3.7)
Proposition 3.2. The components of a 1-form are related by
. oz’
w; = %wl (38)

Conversely, any collection of locally-defined functions satisfying this relation gives a
well defined 1-form w € T'(T*M).

Proof. Plug in the vector field % to the equality

to obtain
AN
But recall the definition of df, where f : U — R is a function. We claim that
dF(X) = X(f). (3.11)
To see this, the left hand side is
O (i O\ _ O
For the right hand side, let v : (—¢,€) — M satisty v(0) = p, 7/(0) = X,,, then
d of dvt of 4
X(f) (foV)|=o = oYy (3.13)

T dt Ort dt =0 Oxi P

Then plugging (3.11) into (3.10), we have

5 dox'

]

11



For a general tensor T € T'((TM)®" @ (T*M)®") we can locally write

W, 0 0 . .
i ]1]?_ . _ 71 . iq
T=T\ 55 @ @y -@d" @ @dd™, (3.15)
and in another coordinate system
~ii O 0 . .
_ ]1“'317_ . ~11 . ~ig
T =T\ 5 @ ® 5 @dE" @ - @ dE", (3.16)

The above transformation formulas combine to give the following.
Proposition 3.3. The components of T' satisfy the transformation formulas
=i1dp 0T o 0xIr Ok o Ozka I dp
i1..8q 81‘11 a.CClP 8:211 (%iq ki...kq
Conversely, any collection of locally-defined functions satisfying this relation gives a
well defined tensor T € T(TM®" @ T*M®").

Exercise 3.4. Show that the Kronecker ¢ symbol, defined by

1=
5t = 3.18
7 {0 i (3.18)

(3.17)

defines a tensor. Consequently,

i 0 j
is a well-defined global tensor. Show that under the canonical isomorphisms
TMRT*MEZT"MT = Hom(TM,TM), (3.20)

the tensor T' corresponds to the identity transformation Id : TM — T'M.
We note that for a n-form, we can write

W=wi pdzt A Adz", (3.21)
In another coordinate system, we can write

W= ,dTt A AdT", (3.22)
These components are related by

D1, = det (g;) D1 (3.23)
which is why the integral is well-defined. If M is not orientable, we can define a
density to be a collection of function so that under coordinate changes,

~ ox’
1. m = ‘det ((%j)

It turns out that these quantities are sections of a trivial 1-dimension line bundle, but
their integral is well-defined, even on a non-orientable manifold.

Remark 3.5. Since a density bundle is just a trivial bundle, it seems we could define
an integral for section of any trivial line bundle. But this is not possible: to define the
integral of densities you need to look at how these behave under changes of coordinates
systems on the base manifold, not for an arbitrary trivialization of the bundle.

12



4 Lecture 4

4.1 Lie derivatives

Given a vector field X € I'(T'M), the Lie derivative of Y with respect to X is
LxY =[X,Y], (4.1)

where [X,Y]f = X(Yf) =Y (Xf)

Proposition 4.1. For X,Y € I'(T'M), the bracket [X,Y]| € I'(T'M).

Proof. In a local coordinate system, write

0 0
X=X""—Y=Y'_— 4.2
Ot Oxt’ (42)
then
i of ; 0 i 0f
s =X () v (x'50) (43)
i (OYTOf y o0 f y 0X" Of ; 0%f '
=X (axi 00 T awiow ) TV \awaw T awion )
Since f is smooth, we have equality of the mixed partials, so
: J : ¢
Xyl = xt (D200 Ly (9X10F
ox' OxJ ox? Ozt (4.4)
! ! :
_ (1O _0XN OF
ox? 0xd ) Oxt

This shows that [X, Y] is a derivation on germs of function, so is a well-defined vector
field. Alternatively, using the classical method, we can prove this directly as follows,

Ve l ~1
gV g 0Xt 50 (Y’“a—x) yi 2 (X’f(%)

ozt OF oz’ Ox¥ oz Oxk
0 p 0T ;0 o0x
_ 45
X o ox' <Y 3x’“) Yo dxi <X 8xk> (4.5)
OYF OXEN 07
= v Y7 -
(X ox? ¥ dxl ) Oxk’

since the mixed partial terms cancel out, thus showing [X, Y] is a globally defined
vector field. n

Next, for X,Y € I'(T'M), and w € I'(T*M), define
Lxw(Y)=Xw())—w(lLlxY). (4.6)

Proposition 4.2. If X e ['(TM) and w € I'(T*M), then Lxw € I'(T*M).

13



Proof. Let f: M — R. Then

Lxw(fY) = X(w(fY)) —w(Lx(fY))
= X(fw(Y) = w([X, fY])
= (X)) + fX (W) —w(f[XY] - (X[)Y)
= [X(W(Y)) —w(fIX,Y]) = fLxw(Y).

(4.7)

Since this expression is linear over C'™° functions, it is a well-defined tensor. To see
this, let a : I'(TM) — C*(M) be a mapping which is linear over C*°-functions. It
sufices to show that a(X)(p) = 0 if X, = 0. This is because if we let X and X be
any smooth extensions of X, then since X — X vanishes at p

w(X = X)(p) =0, (4.8)
s0 W(X)(p) = w(X)(p) has a well-defined value, independent of the extension of X,.
To proceed, given a coordinate system around p, choose a cutoff function which is 1
in a coordinate neighborhood of p, and 0 outside. Then

X = (X)L + (1 - @)X, (4.9)

ox’
Both terms in the above are smooth vector fields on M, so using linearity,

0

a(X)(p) = (@)X (P)a(d5 ) p) + (1 = ¢°) (p)(X)(p) = 0. (4.10)
O
Next, consider a (p, q)-tensor field

Qe r((TM)®” ® (T*M)®q>. (4.11)

We define Lx €2 as follows. For any tensor product of tensors, define
Vx(s®s)=(Vxs)®@s +s® (Vis). (4.12)

For example,

LxY@w)=LxY)w+Y ®Lxw (4.13)

= X)Y]ow+Y ® Lxw,

where the last term is defined in (4.6).
We can also define a Lie derivative operator on differential forms in AP(M) by

p
,CX(wl/\~--/\wp):Zwl/\~--/\(ﬁxwi)/\---/\wp, (4.14)
i=1

14



for w; € I'(T*M). There is a analogous formula for the Lie derivative as (2.7)

(Lxw)(X1, ..., X,) = X(w(Xl, e ,Xp))
p . . (4.15)

The Lie derivative operator can be defined by using the 1-parameter group of
diffeomorphisms generated by X via

d
EXY - E(q)_t)*y =0 (4.].6)
d (o \+
Lxw = %(Cbt) Wl (4.17)

with similar formulas for higher tensor fields.
An important formula is Cartan’s formula relating the Lie derivative and the
exterior derivative: if w € QP(M), then

Lxw=d(X_w)+ X_.dw, (4.18)
where the interior product X : Q"(M) — Q" 1(M) is defined by
XJO[(Xl,...,XT_l) :O[<X,X1,...,XT_1>. (419)

Note Cartan’s formula implies that
Lx(dw) = d(Lxw). (4.20)

Here is an important point: the expression £yw is NOT tensorial in the variable
X. In fact, we have the formula

Ly, = fLxw+df N (Xw), (4.21)

To obtain a derivative which is tensorial in X will lead us to the concept of a connec-
tion.

5 Lecture 5

5.1 Riemannian metrics
Let (M, g) be a Riemannian manifold, with metric g € I'(S*(T*M)). In coordinates,
9= Z gij(x)da’ @ dx? | gi; = gi5, (5.1)
ij=1

and g;; >> 0 is a positive definite matrix. The symmetry condition is of course
invariantly

9(X,)Y) =g(Y, X). (5.2)

Note that any manifold admits a Riemannian metric, by using a partition of unity to
patch together the Euclidean metric in local coordinates.

15



5.2 The musical isomorphisms

The metric gives an isomorphism between T'M and T% M,
b TM — T*M (5.3)
defined by
(X)(Y) =g(X,Y). (5.4)

The inverse map is denoted by § : T*M — T M. The cotangent bundle is endowed
with the metric

(Wi, w2) = g(flwr, fws). (5.5)
Note that if g has components g;;, then (-,-) has components g%, the inverse matrix
of gij.
If X e T'(TM), then
b(X) = Xyda', (5.6)
where
X = gy X7, (5.7)
so the flat operator “lowers” an index. If w € T'(T*M), then
fw) = w'o;, (5.8)
where
W' = gYw;, (5.9)

thus the sharp operator “raises” an index.

5.3 Inner product on tensor bundles

The metric induces a metric on A*(T*M). We give 3 definitions, all of which are
equivalent:

e Definition 1: If

wr=a' A AP

N (5.10)

then
(wl,w2> = det((o/,ﬁj», (5.11)

and extend linearly. This is well-defined.

16



e Definition 2: If {e;} is an ONB of T,,M, let {¢'} denote the dual basis, defined
by ¢(e;) = 0% Then declare that

ELNNER, 1<y <iy<-or <<, (5.12)
is an ONB of AF(TM).

e Definition 3: If w € A¥(T*M), then in coordinates

W= Z Wiy dT™ A - A datE (5.13)
1< << <n
Then
ol = wwh = 30w, (5.14)
1<iy < <ip<n
where

il — Z giligilz ‘g’iklkwllmlk‘ (5.15)

1I<h<-<lp<n
To define an inner product on the full tensor bundle, we let
Qe F((TM)®p ® (T*M)®"). (5.16)

We call such Q a (p,q)-tensor field. As above, we can define a metric by declaring
that

€, ® - Re, W ®- - ® el (5.17)
to be an ONB. If in coordinates,
Q=070 ® - ®0, ®dx" @ @ da’t, (5.18)
then
19017 = (2, ) = Qa7 (5.19)

J1---Jq

where the term €2; "

is obtained by raising all of the lower indices and lowering all

g
cip )

of the upper indices of Qill
is given by

using the metric. By polarization, the inner product

1
(S, ) = 5 (190 + a2 = 1912 = 192]1). (5.20)

Remark 5.1. Recall we are using (1.17) to identify forms and alternating tensors. If
w € AP(T*M), then if we view w as an alternating p-tensor, then

||W||(T*M)®” = \/ZT!HWHAP' (5.21)

For example, as an element of A%(T*M), e! A e? has norm 1 if !, e? are orthonormal
in T*M. But under our identification with tensors, e! A e? is identified with e!' ®
e? —e? ® €', which has norm v/2 with respect to the tensor inner product. Thus our
identification in (1.17) is not an isometry, but is a constant multiple of an isometry.
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We remark that one may reduce a (p, ¢)-tensor field into a (p — 1,q — 1)-tensor
field for p > 1 and ¢ > 1. This is called a contraction, but one must specify which
indices are contracted. For example, the contraction of 2 in the first contrvariant
index and first covariant index is written invariantly as

TT’(Ll)Q, (522)
and in coordinates is given by
0 Sh, g, = Sy, (5.23)

6 Lecture 6

6.1 Review of theory of vector bundles

We will next define real vector bundles, but note that everything we will say works
for complex bundles, by replacing R with C.

Definition 6.1. A smooth real vector bundle of rank k£ over a smooth manifold M™
is a topological space F together with a smooth projection

T E—-M (6.1)
such that
e For p e M, 7= %(p) is a vector space of dimension k over R.
e There exists local trivializations, that is, there are smooth mappings
by : U, xR - F (6.2)
which maps p x R linearly onto the fiber 7=1(p) for every p € U,.
The transition functions of a bundle are defined as follows.
Yap : Ua NUsg — GL(k,R) (6.3)
defined by
Pas(@)(v) = (" 0 Dyl v)), (6.4)

for v € RF.
On a triple intersection U, N Ug N U,, we have the identity

Pay = Pap © Ppy- (6.5)

Conversely, given a covering U, of M and transition functions ¢,s satifsying (6.5),
there is a vector bundle 7 : £ — M with transition functions given by ¢,s. (It turns
out this bundle is uniquely defined up to bundle equivalence, which we will define
below.) If the transitions function ¢,s are C*°, then we say that E is a smooth
vector bundle.

18



manifold M, let

Example 6.2. (The tangent bundle) Given a coordinate system (U,, x,) on a smooth

- 0
q)a ) 17 ) " - [ . 66
(800 = D v (6.6)
On Ug, we have
Pp(x, (0! ")) = Y ¥, a (6.7)
) ) ) a(L’ZB
1=1
Recall that
0 - 8:6& 0
5~ 2
so then

(6.8)

. (6.9)
ey 8:56 axé
a ", . 0x) 0
_ —1 ~1 o
<o (3% (%52 )
7j=1 =1
Consequently,

Pas()(v', ..

(6.10)
A vector bundle mapping is a mapping f : E; — F, which is linear on fibers,
and covers the identity map. Assume we have a covering U, of M such that F; has
trivializations ®, and Fs has trivializations ¥,. Then any vector bundle mapping
gives locally defined functions

fo 1 Uy — Hom(R™M RF2)
defined by

Jaz)(v) =

(6.11)
(Ut o Fo®,(z,v))
It is easy to see that on overlaps U, N Usg,

(6.12)
fo =02 fa0hL,

(6.13)
19



equivalently,

P52 fo = fa0he. (6.14)

We say that two bundles are E; and FE, are equivalent if there exists an invertible
bundle mapping f : EF; — FEs. This is equivalent to non-singularity of the local
representatives, that is, det(f,) # 0. A vector bundle is trivial if it is equivalent to
the trivial product bundle. That is, E' is trivial if there exist functions

fo : Uy = GL(k,R) (6.15)
such that
Ve = fofa' (6.16)

7 Lecture 7

7.1 Operations on bundles

The direct sum E; @ E5 of bundles E; and Es is a vector bundle with transition
functions

Cap” = Pap D Pap (7.1)

The tensor product E;® F5 of bundles E; and Fj is again a bundle, and has transition
functions

Cop " = Pap ® Pap- (7.2)
The dual E* of any bundle F, is a bundle, and has transition functions
. T
SOaE,B = ((S%E/s) 1) = (@ga)T~ (7-3)
Note that for any linear map f : R¥ — R*, there is a naturally induced mapping
APf: AP(RF) — AP(RF) (7.4)

therefore for any vector bundle E, the pth exterior power AP(FE) is defined to be the
bundle with transition functions

Cap) = AP(025). (7.5)

For a complex vector bundle 7 : & — M, there is another operation called the
conjugate bundle £ which is the complex vector bundle obtained by replacing each
fiber of £ with the complex conjugate vector space. The transition functions are
simply

Vg = P25 (7.6)
Remark 7.1. In the above, we only defined morphisms in the category of vector
bundle to be mappings covering the identity map. We could have instead morphisms

to cover arbitrary diffeomorphisms. This would lead to a coarser notion of equivalence.
More on this later.
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7.2 Riemannian metrics on real vector bundles

If : E — M is a real vector bundle, a Riemannian metric on F is a choice of
smoothly varying positive definite symmetric inner product on each fiber. That is
g € I'(E* ® E*) satisfying

gle1, e2) = g(eq, €1), (7.7)
and

g(e,e) >0 for e # 0. (7.8)
Proposition 7.2. If E is any real vector bundle, then E admits a Riemannian metric.

Proof. Take the Euclidean metric on trivializations, and patch together using a par-
tition of unity. O

Corollary 7.3. For any real vector bundle E, E* = E.

Proof. Choose a Riemannian metric ¢ on E. Then the mapping b : E — E* defined
by

b(e1)(e2) = gler, e2) (7.9)

is an ismorphism on fibers, and covers the identity map. O

In bundle terms, existence of a Riemannian metric implies that there is always a
non-zero section of S*(E*), which says that

S*(E*)=A® B (7.10)

always admits a trivial 1-dimensional subbundle. Of course, the metric gives a iso-
morphism

E*® E*~ E*® E ~ Hom(E, E), (7.11)

and the latter bundle always admits the identity section. The latter choice is canon-
ical, but the sub-bundle A is not.
Note the following corollary.

Corollary 7.4. If E; C E s a sub-bundle, then there exists a subbundle Ey C E
such that

E~E @ B, (7.12)
Furthermore, the quotient bundle (E/E;) = Es.

Proof. Choose a Riemannian metric g on F, and let By, = (E;)*. Use Gram-Schmidt
to construct local trivializations for (E;)* to show this is indeed a subbundle. ]
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7.3 Hermitian metrics on complex vector bundles

It 7: £ — M is a complex vector bundle, a Hermitian metric on £ is a choice of
smoothly varying Hermitian inner product on each fiber. That is h € I'(E* ® E*)
satisfying

gler, e2) = glea, e1) (7.13)
and
g(e,e) >0 for e # 0. (7.14)

Proposition 7.5. If E is any complex vector bundle, then E admits a hermitian
metric.

Proof. Take the Euclidean metric on C”, i.e.,
hiue(v,w) = 0,0, (7.15)
on trivializations, and patch together using a partition of unity. O]

Corollary 7.6. For any complex vector bundle E, we have E ~E. Equivalently,
E~ E*

Proof. Choose a hermitian metric h on E. Define the mapping b : E — E~ by

b(e1)(e2) = h(er, e2) (7.16)
Note that ael) is a complex anti-linear mapping F to C, and thus in indeed an
element of E". It is easy to see this is an isomorphism. O
8 Lecture 8

8.1 Reduction of Structure group

Definition 8.1. If a bundle 7 : £ — M is equivalent to a bundle which has transition
functions s : U,NUg — K, where K is a subgroup of GL(k,R) (or GL(k,C)), then
we say that the structure group of E can be reduced to K.

Another way to state the results from the previous section is as follows.
Proposition 8.2. We have the following.
o A bundle is trivial if and only if its structure group can be reduced to {Id}.

o The structure group of any real vector bundle m : E — M of rank k can be
reduced to O(k) if and only if E admits a Riemannian metric.

o The structure group of any complex vector bundle 7 : E — M of rank k can be
reduced to U(k) if and only if E admits a Hermitian metric.
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Proof. The first case is clear. For the second cases, if F admits a Riemannian metric,
then consider only bundle charts given by local orthonormal frames. Then overlaps
maps then necessarily lie in O(k). Conversely, if the overlap maps lie in O(k), then
just patch together the Euclidean metric using the corresponding bundle charts. The
complex case is analogous using Hermitian frames. O

8.2 Real line bundles

Note for a real 1-dimensional line bundle 7 : L — M, we have that the structure
group can be reduced to O(1) = {£1}, or equivalently, there exists a Riemannian
metric g on L. Consider the set

M ={veL|glv,v)=1} (8.1)

Since there are exactly two unit norm vectors in any fiber, we have that = : M — M
is a 2-fold covering space. So any real line bundle give an associated 2-fold covering
space. Conversely, any 2-fold covering space gives a real line bundle, which is uniquely
determined up to equivalence. To see this, note that a 2-fold covering space can be
viewed as a fiber bundle with group Z,, and viewing Z, = {£1} C GL(1,R), we
naturally obtain an associated real line bundle.

Using some basic topology, we have the isomorphisms

HY(M,Zy) = Hom(H\(M),Z5) = Hom(m (M), Z). (8.2)

The latter space corresponds to index 2 subgroups of 71 (M), so corresponds to 2-fold
coverings of M. Consequently, we have proved the following.

Proposition 8.3. The real line bundles on M up to bundle equivalence, are in one-

one correspondence with H'(M,Zs).

8.3 Orientability of real bundles

Proposition 8.4. Let w: E — M be a real vector bundle of rank k. The following
are equivalent.

o The line bundle A*(E) is trivial.

o AY(E) admits a non-zero section.

e The double cover M corresponding to AF(E) is a trivial 2-fold covering space.
e The structure group of E can be reduced to
GL,(k,R)={A € GL(k,R) | det(A) > 0} (8.3)
o The structure group of E can be reduced to SO(k)
Proof. The proof follows from the above discussion. O]
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Definition 8.5. We say that a real vector bundle 7 : E — M is orientable if any of
the equivalent conditions in Proposition 8.4 are satisfied.

We can restate the above as follows. Given any real rank k vector bundle E over
M, we let w(E) € H'(M,Zy) be the cohomology class associated to A*(E) using the
isomorphisms (8.2) above. We call wy(FE) the first Stiefel-Whitney class of E. We
can state the above as follows.

Proposition 8.6. A real vector bundle m : E — M is orientable if and only if

This immediately implies the following.
Corollary 8.7. If H'(M,Z5) = 0, then every vector bundle over E is orientable.

Example 8.8. Thus, every vector bundle over S™ is orientable for n > 2. But for
n = 1, we have H'(S',7Z,) = 7Z,, so there is exactly one non-orientable line bundle
over S!, called the M&bius bundle.

Exercise 8.9. We have HY(T?,7Z,) = Zy @ Zy, so there are exactly 4 real line bun-
dles over T2 up to equivalence. Describe these bundles in terms of open covers and
transition functions.

9 Lecture 9

9.1 Tensor product of line bundles

The set of real line bundles form a group with operation the tensor product, i.e., for
line bundles m; : L1y — M and 7y : Ly — M then

7T3L1®L2—>M (91)

is also a line bundle. We claim that inverses exists. So let 7 : L — M be any
line bundle, with transition functions ¢%s : U, N Uz — GL(1,R) = R*. Then the
transition functions of the dual bundle are given by

as = ((pas) )T = (0ap) " 9.2)
So the transition functions of L ® L* are

Vo = Pap Pap = Pas (Pap) " =1. (9.3)

But we know that L* = L, so any line bundle L is its own inverse.

Proposition 9.1. For any two line bundles my : L1 — M and wy : Ly — M we have

wi (L1 ® L) = wy (L) + wy(Le). (9.4)
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Proof. Recall the definition of the first Stiefel-Whitney class. Given any line bundle
7w L — M, associate the double covering M of M and use the isomorphisms

HY(M,Zy) = Hom(H,(M), Zy) = Hom(m (M), Zs). (9.5)

Given an element [y] in 7y (M), choose a representative v € 7y (M). We can assume
that v : S' — M is a smooth imbedding. Then L restricted to v(S') is a line bundle
over S'. Recall that since H'(S',Zy) = Z,, there are exactly 2 line bundles over
S, 81 x R = Ej and the Mobius bundle, which we call E;. Equivalently, there are
exactly 2 double covers of S'. Note that the double cover M restricted to the image
of vy is a trivial covering if and only if the corresponding homomorphism from 7y (M)
to Zy maps v to 0. Otherwise, it is the nontrivial covering of S*. Consequently, we
have

wi (L) () = wi(L|ys1))- (9.6)

Returning to the tensor product Ly ® Ly. Assume that Lll,y(sl) = FE;, where 1 =0
or i =1, and Ly|ys1)y = Ej;, where j =0 or j = 1. Then we have

wi(L1 @ L2)(y) = wi((L1 ® La)|ys1) = wi(E; @ Ej). (9.7)
But note that

because Fy® Fy = Ey, By ® F1 = Fy ® By = Ey and By ® By = Ey. So therefore we
have

w1 (L1 ® Lo)(7y) = wi(E;) + wi(E)

= wn(Labysty) + wn(Labsny) = e (L)) + (L)), O
Il

Consequently, w; gives an isomorphism from the multiplicative group of line bun-
dles with the tensor product operation to the additive group H'(M, Z,).

9.2 First Stiefel-Whitney class of direct sums

Now we can prove the following.

Proposition 9.2. Let w1 : By — M be a real vector bundle of rank ki and 7y : E5 —
M be a real vector bundle of rank ks. Then

w1 (El @ EQ) = wl(El) + w1 (Eg) (910)

Proof. Recall that if gof}g and gogg are transition functions for E, E5 respectively, then
the transition functions for E; & E, are given by

Eq
E1®FE> __ 90045 0
o ( 0 ¢f§>' (9.11)
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Since the determinant of a block diagonal matrix is the product of the determinants
of the blocks, we have that

AR (B @ By) = AM(EB) @ AP (B,). (9.12)
Consequently,

wy(F @ Es) = wy (Ak1+k2(E1 S¥ E2))
= W1 (Akl (E1)> + w1 (Ak2 (Eg)) = wl(El) + wl(Eg),
where in the middle line we used Proposition 9.1. O]

Note that the formulas in Propositions 9.1 and 9.2 look very similar. But Propo-
sition 9.1 only hold for line bundles. To see they must be different in general, we
state the following.

Proposition 9.3. Let 7 : E — M be a real vector bundle of rank k, and mo : L — M
be a real line bundle. Then

w1 (F® L) =w (F)+ kw(L). (9.14)
Proof. We first show that
AYE® L) = A¥E)® Lk (9.15)

To see this, note that the transition functions for F ® L are given by

Prst = 0hs - Vs (9.16)

and therefore

A*(E®L
S%g( #B) = det (905,8) . 9055)

= det (95,) - (k)" (9.17)

AR(E k
= ‘Paﬁ( : ’ Soéﬁ

So we have

(9.18)
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10 Lecture 10

10.1 Pull-back bundles

If #: E — M is a vector bundle, and f : N — M is a smooth mapping, then we
define

JTE=A{(p,v) e NxE| f(p) =n(v)}. (10.1)
Proposition 10.1. We have 7w : f*E — N 1is a vector bundle over N such that
T (p) =7 f(p)-

Proof. Given an open covering U, of M with local trivializations @, : U, xR* — Ey; |
and transition function p,s of E, then V,, = f~*(U,) is an open covering of M, and

ff®y Vo x RY = (f*E)y, (10.2)
defined by
[ ®a(p,v) = (p, @u(f(p),v)) (10.3)

gives a system of local trivializations for f*E. The transition functions for f*FE with
respect to the covering V,, are

gpa;E = papo f. (10.4)
]

Above, we defined bundles to be equivalent if F' : F; — E5 is a mapping which
is an isomorphism on fibers and covers the identity mapping, that is, the following
diagram commutes

B —— E
[ e (105)
M s M.

Let us consider the more general situation where F'is a mapping which is an isomor-

phism on fibers and covers a diffeomorphism f : M — M,

E1L>EQ

lel le2 (10.6)
M—1 M
Proposition 10.2. In this setting, the bundle m : By — M is isomorphic to f*Es.

Proof. We need to find a mapping H, which is an isomorphism on fibers, such that
the following diagram commutes

Ey 2 R,
lel l% (10.7)

M —4 5 0
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Define H : Fy — f*Fy by

Hey) = (mp, (e1), F(er)). (10.8)

Then H covers the identity map, and is an isomorphism on fibers. O

So if we had defined bundle equivalence using the coarser notion of covering a
diffeomorphism, then we also need to mod out the first notion of equivalence by the
pull-back operation.

Proposition 10.3 (Naturality). If f : N — M is a smooth mapping, and 7 : E — M
18 a real vector bundle, then

wi(f°E) = f*(un(E)). (10.9)

Proof. If E is rank k, then since A*(f*E) = f*(A*(E)), we just need to assume that
E is a line bundle.
To get wy(f*E), we view this as an element of Hom(m(N),Zs). Then

wi(f*E)(y) = wi (v f*E) (10.10)

which is 0 if the pull-back bundle is trivial on S!, and 1 if it is the nontrivial bundle.
To get f*(wi(E)), we have

[Hwi(E)(7) = wi(E)(f o) = wi((f o) E). (10.11)

It is clear that
(foy) E=y(f"E), (10.12)
so these must be the same. O

Example 10.4. (Line bundles over T?). Recall that since H'(T?,Z,) = Z,, there
are 4 line bundles on T? up to equivalence. We can describe them more easily using
the pullback operation. Let m; : ST x S* — S — S1 be the ith projection. Let E
denote the Mobius bundle over S*. Let E; denote the trivial line bundle over T2,

Ey,=mE, Es=mFE, E,=m1EQmE. (10.13)

Then these represent the 4 bundles up to equivalence. To see this, identify the
cohomology group H'(T?, Z,) with Zy @ Zs, by letting the element (1,0) be Poincaré
dual to S* x {pt} and the element (0, 1) be Poincare dual to {pt} x S'. Then using
Propositions 10.3 and 9.1, we have

wy(Ey) = wy(m E) = mjw (E) = (1,0), (10.14)
wi(E3) = wy(m3 FE) = mywy (E) = (0, 1), (10.15)
wy(Ey) = w(mfE@nmE) =mjw (E) + mw (EF) = (1,1). (10.16)
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Example 10.5. (A manifold M, and a diffeomorphism f : M — M, and a bundle
7 E — M such that f*E is not isomorphic to E. ) Let f: S x S* — S x S* be
the mapping f(61,02) = f(02,6,). Then f*Ey = FE3, but Es is not equivalent to Fj.
This is because

wi(f*Ey) = ffwi(Ey) = f7(1,0) = (0,1) = wy(E3). (10.17)

Therefore f*F5 is equivalent to E3, which is not equivalent to Fs.
There are only 3 line bundles over T? if we consider pull-back bundles to be
equivalent allowing diffeomorphisms of the base.

11 Lecture 11

Example 11.1. (Tautological bundle on RP") Recall that RP" is the space of lines
through the origin in R"*!. Equivalently, RP" is the space of vectors in R"*! modulo
the equivalence relation

(1, ... Vpy1) ~ (CU1, ..., CUZL1), € # 0. (11.1)
Define
v ={([z],v) € RP" x R"™ | v € [2]} (11.2)

Since H'(RP",Zy) = Zs, there are only 2 line bundles over RP". We claim that ~;}
is the nontrivial one. Assume by contradiction that it were the trivial bundle. Then
there would exists a nowhere vanishing section ¢ : RP" — ~!. This is a mapping

o : RP" — RP" x R"! (11.3)
of the form for x € S™,
o([z]) = (2], c(x) - x) (11.4)

For this to be well-defined, we require that c¢(z) : S™ — R is a function satisfying
¢(—x) = —c(x). Since ¢ must take negative and positive values, by the intermediate
value theorem, ¢(zg) = 0 for some x(, which is a contradiction.

Consequently, we have shown that wy(y}) = 1 € Zy = H'(RP", Z,).

Example 11.2. (Universal bundle on G(k,n)) Recall that the Grassmannian G(k, n)
is the space of k-planes through the origin in R"*!. Define

vE = {([z],v) € G(k,n) x R | v € [z]} (11.5)

Proposition 11.3. For any real rank k vector bundle w : E — M over a compact n-
manifold M, there exists a mapping f : M — G(k, N) for some N so that E = f*~%.
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Proof. Cover M by charts U,, 1 < a < N, for which there are local trivializations of

E over U,,
O, Uy xR = E|

for which the mapping h, = m®,!: F }U — R* is linear on fibers.

(11.6)

Let x,, be a partition of unity subordinate to the covering {U,}. Define a mapping

hl, : E — R* by

;v )0 e¢ U,
%@_{Mm@maeem.

Then h, is smooth, and is linear on fibers.
Define f : E — RY* by

fe) = (hi(e), ..., hiy(e)).

Then f is a mapping which is linear and injective on fibers.
Define F': E — 4k by

F(e) = (f(r~'n(e)), f(e)).
Then F'is a mapping which makes the following diagram commute
R

-

M L Gk, kN,

where F' is linear and injective on fibers.
Define H : E — (f")*y% by

Then H makes the following diagram commute
— (f ) Vi

L

M —9 5 M,

and H is an isomorphism on fibers, so E = (f')*y¥y.

(11.7)

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

]

Definition 11.4. Let 7 : E — M be a real line bundle over M. If f: M — G(k,N)

is any map such that F = f*yk then f is called a classifying map for E.
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12 Lecture 12

We review some homology and cohomology theory. Define the standard n-simplex to

be

A" = {(to,...,tn) GRHH’Zti: 1,t; > 0}. (12.1)

=0
The ith face of A™ is the (n — 1)-simplex A!" defined by
(to, .- tiy .. ty). (12.2)

For a topological space X and an abelian group G, define the pth singular chain group
Co(X,G) to be the free abelian group over G generated by a singular p-simplices,
which is a continuous mapping,

T: AP — X. (12.3)
Define the boundary operator 0 : Cp(X,G) — C,—1(X, G) by the following given a
singular p-simplex T : A? — X let
p .
OT = (—-1)'To A, (12.4)
i=0
and extend to all chains by linearity. It is not hard to see that 9% = 0 thus we have
a chain complex

2 O (X, G) 2 O(X,G) 2 ¢ (X,6) =2 .. (125)

Define the pth singular homology group by

Ker{0: Cy(X,G) = C,—1(X,G)}

HP(X,G) = Im{0 : Cp1 (X, G) = Cp(X, G)}

(12.6)

To define singular cohomology groups, let CP(X,G) denote the singular cochains,
which are dual elements to singular chain, i.e.,

C?(X,G) = Hom(C,(X,G),G), (12.7)

and let ¢ : CP(X,G) — CPT(X,G) denote the dual to the boundary operator. This
satisfies 62 = 0, so we have a cochain complex

L (X, G) 2 CP(X,G) —2 CPTHX,G) 2 - (12.8)

Define the pth singular cohomology group by

Ker{é: C?(X,G) — CP"L(X,Q)}
Im{6: CP1(X,G) = CP(X,G)}

HP(X,G) = (12.9)
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Cochains have some extra ring structure: we next define the cup product
U:C?(X,G)®C1YX,G) — CPM(X,G), (12.10)

by the following. If T"is a singular (p+ ¢)-simplex, and ¢ and ¢? are singular cohains,
then define

(PU)T)=cP(To(tg, - ,tp,0,...,0)) - (T o(0,...,0,tp,....154q)). (12.11)
It can be shown that
Ut = (—-1)PMct U, (12.12)
thus the cup product is anti-commutative, and that
(P Uch) = (0P)Uct+ (—=1)PcP U (6c7). (12.13)

(Note the similarity with the wedge product of forms). The latter relation shows that
the the cup product descends to cohomology, i.e.,

U: H?(X,G) ® HY(X,G) - HY(X, Q). (12.14)

12.1 De Rham’s Theorem

In the special case of real coefficients, we have the following

SN QP1(X) 4 OP(X) 4 OPHL(X) 4 ..

I lf I (12.15)

L P Y(X,R) —— CP(X,R) — CPTHX,R) —2 ...,

where the vertical maps are defined as follows. If w € QF(X), and ¢, is a p-chain,
then let

(feo)(ep) = /pr - [ g (12.16)

Stokes’ Theorem can be stated in the form

/ dw = / w, (12.17)
Cp+1 Ocpta

so the above diagram commutes. So have mappings

HY.(X) L B

sing

(X,R), (12.18)

and De Rham’s Theorem says that this mapping is an isomorphism if X is a smooth
manifold.
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13 Lecture 13

13.1 Exact sequences of chain complexes

Let C* be a complex of G-modules for i = 1,2, 3.

az‘

. _ _
+2 . +1 . —1
— O, —— O —= 0 —— . (13.1)

with 92 = 0. A morphism from C’ to CV are mappings ay, : Ci — C} such that the
following diagram commutes for every p

O a;’“; C'

p

p+1

law lap (13.2)

J

. o
9 p+1 j
Conn — G

For complexes O, C?%,C3, and morphisms o : C' — C? and B : C? — C®. We say
that a sequence of complexes is exact if

0 N L. BN N > 0 (13.3)
if the sequence
0 » O 1 2 B, (5 > 0 (13.4)
is exact for every p.
Lemma 13.1 (The zig-zag lemma). If
0 N L RN o RN > 0 (13.5)
1s a short exact sequence of complexes, then there exists mappings
& Co—C)_4 (13.6)
for every p such that the sequence
Ol (O < Ho(Co) s H(Cy) 2 Hy ((C) —— -
(13.7)

18 exact.
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Proof. We look at the huge commutative diagram

0 — Cl,, =25 02, 28— 0
vaz%Jrl vangl vag+1
0 » C) N C? b, cs s 0 (13.8)
a1 o2 o3
0 >y CL| o, c2 Poi C:,——0

which has all horizontal rows exact.

To define the boundary operator, take ¢; € C3 with 93¢} = 0. By exactness of the
middle row, f3, is surjective, so ¢} = f,(c;) for some ¢ € C?. Then since the diagram
commutes, we have

Bp105cs = Oy B,ci = By = 0. (13.9)

2.2 _ 1 1 1
By exactness of the bottow row, we have d;c; = o, 1¢,_; for some ¢, ; € C, ;.

O — 812)71812 12) — aiilap_lc;l;il — Oép_lagilczl;717 (1310)

which implies that 9, ¢, ; = 0. Consequently, ¢, ; € H, 1(C").
To prove this mapping is well-defined, assume that we started with cf, € C';’ which

3_ 93 .3 e 3 2
was of the form ¢; = 9, ,¢;, ;. Then we can write ¢;,; = Bpy1¢;,,, and the element

& =02, ¢, satisfies (,(¢)) = ¢3. But this this element is exact, the next step clearly

gives zero. Independence of the choice of cf, is similarly established.
Exactness of the resulting sequence is left as an exercise in diagram chasing.

O
14 Lecture 14
14.1 Exact sequences of cochain complexes
Let C; be a co-complex of G-modules for i =1, 2, 3.
L e M e e (14.1)
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with d® = 0. A morphism from C* to C7 are mappings o : C}' — C} such that the
following diagram commutes for every p

dP
D i p+1

l“p law (14.2)

or G, oot
J J

For co-complexes C7, Cy, (5, and morphisms a : C; — (5 and § : Cy — C3. We say
that a sequence of co-complexes is exact if

0 y O —— Oy » O s 0 (14.3)
if the sequence
0— =P 2y 0r Pucor Ly (14.4)
is exact for every p.
Lemma 14.1 (The zig-zag lemma). If
0 —— O —25 Oy —25 0y —— 0 (14.5)
s a short exact sequence of co-complexes, then there exists mappings
o CP — (14.6)
for every p such that the sequence
S HPY(Cy) —2s HP(Cy) —2 HP(Cy) —2 HPFY(CY) —— -+
(14.7)
15 exact.
Proof. Same as before, with arrows reversed. O]

14.2 Mayer-Vietoris for singular chains

Write M = U UV as the union of two open sets in M. Then the following sequence
is exact:

0 —— C(UNV) 2 CU) @ Cy(V) —22 Cp(U) + Cp(V) —— 0 (14.8)

where

Oé(Cp) = ((iUﬂV°—>U>*Cp7 (iUﬂVC—>V>*Cp) (149)
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and

Blap, bp) = (ivnr)sap — (ivenr)by. (14.10)

It is not hard to see this sequence is exact. Furthermore, by a barycentric subdivision
argument, the homology H.(C,(U) + C,(V)) is ismorphic to H,(U U V). (Roughly,
keep subdividing simplices until their images are contained in U or V'.) Consequently,
we obtain a long exact sequence

. —>8p+1 H,(UNV) e H,(U) & Hy(V) i) H,(UUV) L) o (14.11)

14.3 Mayer-Vietoris for singular co-chains

Write M = U UV as the union of two open sets in M. Then the following sequence
is exact:

0 — (Co(U) + C,(V)) -2 cr(U) @ cr(V) =2 cP(UNV) — 0
(14.12)
where 5P = (f,)* and o = («a,)*. This sequence is exact because the original sequence
consisted of free abelian groups, so the tensored sequence is also exact.
Consequently, we obtain a long exact sequence
L U V) 2 BrU) e HY(V) s HY(UNV) =2
(14.13)

14.4 Mayer-Vietoris for de Rham cohomology

Write M = U UV as the union of two open sets in M. Then the following sequence
is exact:

0—— UUV) 25 ) (V) 25 PUNV) —— 0 (14.14)
where
51)((4)) = ((Z-U<_>M>*w, (ZVQM)*M) (1415)
and
o (wy,wy) = (ivnveu) ' wo — (lvnvey) wy (14.16)
To see this, P is obviously injective. For exactness at the middle step, obviously
a?fPw = 0. If fP(wy,wy) = 0, then wy = wy on U NV, so then (wy,wy) is a
well-defined global form on M.

To show that « is onto, let w € QP(U NV). Let ¢y, ¢y be a partition of unity
subordinate to the covering {U, V'}. Then w = a(¢pyw, —opyw).
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Consequently, we obtain a long exact sequence
S U UV) s HEL(U) @ HY (V) =2 HEL(UNV) =2
(14.17)
Let us review the definition of the mapping ¢”. Given a cohomology class [w] €
H ;x(U N V), represented by w € Q2(U NV) with dw = 0, we first write w =
a?(pyw, —pyw), then we apply the exterior derivative to get

(d(dvw), —d(dyw)) = (dpv Aw, —doy Aw) € Q*(U) & (V). (14.18)

Note that on U NV, we have (¢y + ¢y)w = w, so applying d to this equation, we
have that doy A w + doy Aw =0 on UNV, so together these define a global form

d :
g — Qv hw U (14.19)
—doy ANw inV
and we take the cohomology class of this form.

Remark 14.2. This mapping appears to depend upon the choice of partition of unity,
but recall that when viewed as a cohomology class, it is actually independent of such
choice.

15 Lecture 15

15.1 The Poincaré Lemma

Let M be a differentiable n-manifold, and consider N = M x [0,1]. Define the
inclusion maps tg, t1 : M < N by o(p) = (p,0),t1(p) = (p, 1).

Lemma 15.1 (The Poincaré Lemma). There exist mappings I* : QF(N) — QF1(M)
such that if w € QF(N), then

Gw — 1w = dp(I'w) + " (dyw). (15.1)

Proof. Let w: N — M be the projection 7(p,t) = p. Then any k-form on N can be
written as

w=h(p,t)m" ¢ + f(p,t)dt N 7" dp_1, (15.2)
where ¢ € QF(M) and ¢, € Q¥1(M). Define

If(w) = (/01 f(p, t)dt)ﬁbkfla (15.3)

proof of (15.1) was outlined in lecture. O

Definition 15.2. Mappings f,g : X — Y are said to be smoothly homotopic if
there exists a smooth mapping F' : X x [0,1] — Y such that F(z,0) = f(z) and

F(z,1) = g(z).
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Proposition 15.3. If f,g: X — Y are smoothly homotopic then
fr=9" Hig(Y') = Hjp(X) (15.4)

Proof. Let F': X x[0,1] — Y be a smooth homotopy between f and g. The Poincaré
Lemma implies that

vy =1 Hijp(M x [0,1]) — Hjp(M). (15.5)

Since f = F oty and g = F oy, we have
[f=1oF", g- =10 F", (15.6)
therefore f* = ¢g* as mappings between de Rham cohomology. [

Corollary 15.4. The de Rham cohomology groups of R™ are given by

. R k=0
HEL(R ):{0 b<h<n’ (15.7)

Proof. For k = 0, the result is obvious, since df = 0 implies that f is constant. The
mapping F': R" x [0,1] — R"™ defined by

F(x,t) =tx. (15.8)

is a homotopy from the zero mapping O to the identity map Id : R* — R". The
corollary says that

O* = Id* : Hi,(R™) — HY,(R™). (15.9)

But for k£ > 0, the mapping O* is the zero mapping on cohomology, and Id* is the
identity mapping, and these are only equal if the vector space is O-dimensional.  [J

Proposition 15.5. We have the cohomology groups

R £=0

HY (R",R) = 15.10
bing >{0 O h<n (15.10)

Proof. The analog of the Poincaré lemma is the following. There is a mapping
Iy : Ch(M) — Ciyr (M x [0,1]) (15.11)
such that if ¢, € Cx(M) then
(e1)scr — (20)sck = On(Ixck) + Tp—1(Onrck)- (15.12)
This mapping is defined by the following. If ¢, € Cy(M) then ¢, : AF — M. Then

cp < id : AF x [0,1] = M x [0,1]. (15.13)
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The left hand side of this is a “prism”, and can be subdivided into k 4+ 1 copies of
a (k + 1)-simplex. Roughly if k = 0, then A® x [0,1] = [0, 1],which is a l-simplex.
If k=1, then A! x [0,1] = [0, 1] x [0,1] is a square, and cutting along the diagonal
gives 2 2-simplices. The precise definition of this mapping and verification of (15.12)
will be left as an exercise.

Similarly to above, this implies that homotopic maps induce the same mapping
on singular homology. Dualizing, this yields that homotopic maps also induce the
same mapping on singular cohomology, and the proof is the same as above since the
identity map of R™ is homotopic to the zero mapping.

O
15.2 Proof of de Rham’s Theorem
The following lemma is crucual for the proof.
Lemma 15.6 (The Five Lemma). Assume the diagram
Vi ——=V, —5V; — Vy —— V5
l¢1 l(ﬁz l¢3 l¢4 l(bs ( 15. 14)
W, B1 W, B2 Wi B3 W, Ba . We

commutes, and has exact rows. If ¢y, po, G4, @5 are isomorphisms, then ¢z is also an
1somorphism.

Proof. Injectivity of ¢3: If ¢3(vs) = 0, then B3(¢s(vs) = 0 = Pgas(vs). Since ¢y is
injective, as(vs) = 0. By exactness, v3 = as(v2). Then ¢sas(va) = 0 = Baga(v2). By
exactness, ¢o(v9) = [1(wy). By surjectivity of ¢, wy = ¢1(v1). Then

¢2(U2) = 51¢1(U1) = <Z52061(U1), (15~15)

but since ¢ is injective, this implies that v = «;(vy). Finally, vy = as(vy) =
asaq(vy) = 0, by exactness.

The proof of surjectivity is similar, and left to the reader. n

Theorem 15.7 (de Rham). If X has a finite good cover, i.e., a finite covering so
that all intersections are diffeomorphic to R™, then the mappings

HY.(X) L B

sing

(X, R), (15.16)

are 1somorphisms.

Proof. 1f there is only 1 element in the covering, then we are done by the above
results. Next, consider the following diagram

_ — ak_l — 6k ﬁk Oék
HEHU) @ HEH(V) — HEHUNV) 22— HE,(UUV) —— HE(U) @ HE,(V) —2— HE(UNV)

s Il Il |rer Il
H-1(U) @ HEY(V) <5 g1 n V) —2 BROUV) — s BNU) @ HE(V) — s HEU A V)

(15.17)
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By the Five Lemma, if the result is true for U, V and U NV, then it is also true for
U UV. By induction, the theorem is then true for any manifold which admits a finite
good cover. O]

One can show also the following;:

[a A B] = [[a] U []A], (15.18)

so the mapping between cohomology rings

Hin(X) 5 B

sing(Xa R)a (1519)

is moreover a ring isomorphism.

Remark 15.8. Using a Riemannian metric, there exists a covering by geodesically
convex neighborhoods, so it follows that every compact manifold admits a finite good
cover. Furthermore, the Mayer-Vietoris sequence shows that the de Rham cohomology
of any compact manifold is finite-dimensional.

16 Lecture 16

16.1 Cohomology with compact supports

Let M be a manifold, possibly noncompact. Let Q2(M) denote the smooth p-forms
with compact support. We have a complex

L (M) —4s Qp(M) —4s QrrY (M) —4s (16.1)

and HY ;,(M) is defined to be the cohomology of this complex.
Let M be a differentiable n-manifold, and consider N = M x R. Let 7 : N - M
be the projection 7(p,t) = p. We next define a mapping

Tt QF (M x R) — QF1(M) (16.2)
by the following. Any k-form on /N can be written as
w=h(p,t)m" ¢ + f(p,t) (7" dr—1) A dt, (16.3)

where ¢, € QF(M) and ¢ € Q*Y(M), but h, f € Q%(M x R). Define

(W) = (/_Z f(p, t)dt>¢k—17 (16.4)

noting that the integral is defined because w is assumed to have compact support,
and this form has compact support since f has compact support.
We claim that

dyome =mody. (16.5)
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To see this, the left hand side of (16.5) is

dys 0 Tow = dM<(/Z £, t)dt) ¢k_1)
-(/ Z Ltz nowi+ ([ Z P 1)) ) g

The right hand side of (16.5) is

(16.6)

0 dpyw = T, (%dt AT e + %dm AT dpy Adt+ F(p, ) (dardn—r) A dt)
_ (g—idx AT dpr Adt+ F(p, )T (dard—r) A dt)
o a o
([ Sat)a o ([ s an)duons

(16.7)

since the term involving h is zero because h has compact support, and using the

fundamental theorem of calculus. Therefore m, induces a mapping
T HEjp(M X R) — HYL(M).
Next, we choose e € Q}(R) with [, e =1, and define
eyt QM) — QFFY (M x R)

by

We claim that
dyoe,=e,ody.

To see this,

dyoe(w) =dym'w A e = (dym*w) N e =" (dyw) AN e = e, ody(w).

Therefore e, induces a mapping
et HY yp(M) — HEFE(M x R).

Let us write e = xdt, then

roeuw) = m (x(O)(@w) Adt) = ( / h X(B)dt)w = w

—00

Therefore, we have 7, oe, = 1 on Q’g(M), so T, 0e, =1 on HédR(M).
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Proposition 16.1. We have e, o, =1 on HidR(M x R). Consequently, . and e,
are isomorphisms on compactly supported cohomology.

Proof. Again writing
define a mapping

K :QF(M x R) = QFY(M x R) (16.16)

K(w) :W*qSk_l(/_; (z,5)ds — (/_; e) /_Z f(a:,s)ds). (16.17)

Note that the right hand side is indeed a (k—1)-form on M xR with compact support,
the dt-s are not 1-forms in this formula. We claim that if w € Q¥(M x R) then

(1—eum)w = (—1)dK — Kd)w, (16.18)

by

which can be separately verified for w = h(p,t)7* ¢, and for forms of type w =

f(p, t)dt A W*Qbk,l.

For forms of the first type, we obviously have

(1 — exme)h(p, t)7" 1. = h(p, t)7" Py (16.19)
On the other hand, since K is zero on forms of this type,
oh . oh . .
(AK — Kd)(h(p, )" én) = =K (57 ) de Aw*n+ (S )dt Aw*n + h(p, )" doy )
oh .
(o)

= (—1)% 1K<<ah)(7r gbk)/\dt>

- kl*m/ —ds— /;e>/ %@)

= (=1 (7" op)h(p, ).
(16.20)

For forms of the second type, we have

(1 — esm ) f(p, )T bt Adt = F(p, )7 pr A dt — ( /_ Z £, t)dt) (T 1) A e
— e A (f(p, £)dt — (/_: f(p, t)dt) e)

~ (= ([ fod)ao) o n d
- (16.21)

The verification that this is equal to (—1)¥"1(dK — Kd) is left as an exercise.
This formula then implies that e, o 7, = 1 as a mapping on H* car(M x R), and
the proposition follows. O
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Corollary 16.2. We have

R k=n

k ny __
H; r(R") = {O ktn (16.22)

and a generator for H';z(R") is given by any compactly supported n-form p with
[onpi=1.
rn M

Notice that HE,(R") = H}y ¥(R™). Furthermore, we have an isomorphism

PD : Hip(R") — (HI 5 (R™)) (16.23)

given by by PD(a)(3) = [gn a A B.

17 Lecture 17

17.1 Mayer-Vietoris for cohomology with compact supports

Write M = U UV as the union of two open sets in M. Note that if U; C U,
and w € QF(U;) then w extends to be a compactly supported form in U,. Letting
t : Uy — Uy denote the inclusion mapping, we denote by 7,w this extension map on
forms. We claim that the following sequence is exact:

0 —— QUNV) =2 Q)  (V) -2 QUUV) —— 0 (17.1)
where

& (wurv) = ((ivaveo)wonv, —(ivavey )swuny) (17.2)

and

BP(wy,wy) = (ivom)swu + (iva)swy. (17.3)

To see this, a” is obviously injective. For exactness at the middle step, obviously
Brarw = 0. If Bp(wU,wv) = 0, then wy = —wy. This implies that the support of
both forms is contained in U NV, and since they are equal there, take wyny = wy,
and then (wy,wy) = & (wy).

To show that 3 is onto, let w € QP(M). Let ¢y, ¢y be a partition of unity
subordinate to the covering {U,V}. Then w = B*(¢yw, pyw).

Consequently, from the ziz-zag Lemma, we obtain a long exact sequence

D HP p(UNV) =2 HP p(U) @ H (V) —2 HP (U UV) 2
(17.4)
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Let us review the definition of the mapping 7. Given a cohomology class [w] €
H ,;r(U U V), represented by w € Q2(U U V) with dw = 0, we first write w =

BP(pyw, pyw), then we apply the exterior derivative to get
(d(¢pw), d(¢vw)) = (dpy A w,dpy Aw) € Q(U) & QL(V) (17.5)
Either of these elements is supported in U NV and then since doy Aw + doy Aw = 0,
0'w = [dpy Aw] = [~dpy Aw] € HYIL(UNV). (17.6)

Remark 17.1. This mapping appears to depend upon the choice of partition of unity,
but recall that when viewed as a cohomology class, it is actually independent of such
choice.

17.2 Poincaré Duality
Lemma 17.2. If the sequence

W1 S W2 > Wg (177)

1s exact at Wy, then the dual sequence

Wy 2

W s W (17.8)
s exact at W3
Proof. First, if w; € W3, and w; € Wy, then

o (fws)(wr) = (B wz)(a(wy)) = wi(Bo(ws)) =0, (17.9)

since o = 1 by assumption. This proves that Im(5*) C Ker(a*). For the other
direction, if wi € Ker(a*), then for all wy € Wy, o*(w3)(wy) = wi(a(w;)). So the
element 0 = w; o € W;. We want to find wj € Wy such that w; = f*wj. For all
wy € Wa, this is wj(we) = w}Bws,, which is just wj = wj o 5. So if wy € Wj is of the
form (wy) then define

wi(ws) = wi(ws). (17.10)
If wy = B(wh), then B(ws — wh) = 0, so wy — wh = a(wy). Then
wy(wy — wh) = wy(a(wr)) = (wa)(w) =0. (17.11)

So we have defined wj on the subspace Im(f) C W3. To extend to a linear mapping
on all of W3, just take any subspace so that W3 = Im(8) @ W, and define wj to
vanish on W. Then the condition w3 = w3 o 8 is obviously satisifed. []

Theorem 17.3. If M" is orientable and has a finite good cover, then
PD : Hjp(M) — (HI8)* (17.12)

s an 1somorphism for all 0 < k <n.
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Proof. Let m = n — k, and consider the diagram

_ _ k—1 _ 5k Bk ok
g )y e HN (V) 24— HEWUNV) —— HE(UUV) ——— HY,(U) @ HE,(V) ——— HE,(UNV)

lPD@PD lPD JPD lPD@PD JPD

() e g on)” = mmgtw n vy S5 ovys B (7w @ Hyp() S oy vy
(17.13)
The top horizontal row is exact since it is the usual Mayer-Vietoris sequence. The
bottom horizontal row is exact since is the dual exact sequence of the Mayer-Vietoris
sequence with compact support. We next claim that this diagram commutes up to
sign, so by changing some of the vertical maps to their negatives if necessary, we
obtain a commutative diagram. (Proof done in lecture).
By the five lemma, if the outer 4 vertical maps are isomorphisms, then so is the
central vertical map. The proof is completed by induction on the number of open
sets in the good cover, since we know it is true for R" from the previous lecture. [

(a

Corollary 17.4. If M™ is a connected and orientable n-manifold with a finite good
cover, then H;p(M) = R. If M is moreover compact, then Hjp(M) = R.

Corollary 17.5. If M™ is a connected and orientable n-manifold with a finite good
cover then H%o (M) and HZ;,’;(M) have the same dimension. If M is moreover com-

pact, then Hk (M) and H}5"(M) have the same dimension.

Corollary 17.6. If M"™ is a compact oriented odd-dimensional manifold, then the
Euler characteristic x(M) = 0.

Remark 17.7. Poincaré duality is also true for singular homology with Z coeffi-
cients on a orienable manifold. If M is not orientable, then it is still true for Z/27Z
coefficients.

18 Lecture 18

Theorem 18.1 (Kiinneth formula). We have

HY(M x N) = @5 H*(M)® H(N). (18.1)

pt+q=k

Proof. Proof done in lecture, using the Mayer-Vietoris argument, the Poincaré Lemma,
and the five lemma. O

Corollary 18.2. Let

——
T"=S"x .- x S (18.2)

then

dim(H*(T™)) = (Z) (18.3)



19 Lecture 19

Definition 19.1. If ¥* C M" is a closed submanifold then the closed Poincaré dual
is denoted 7y and the compact Poincaré dual is 75, to be completed.

From Poincaré duality, we have that if M is orientable and connected, then

R M t
H"(M) = compact (19.1)
0 M non-compact
and
R M t
HY (M) = compac : (19.2)
R M non-compact

Examples of computations of homology and cohomology using Mayer-Vietoris.

Example 19.2. §™: Cover with 2 open sets U, V, with U 2 R" =V aand UNV =
S™=1 use induction to get

R k£=0,n

(19.3)
0 O0<k<n

H*(S™) = {
Example 19.3. T?: cover with 2 open sets U,V, with U =2 V = S x R = S! and

UnvV SIS to get

R k=02

(19.4)
RGR k=1

HM(T?) = {

20 Lecture 20

Recall definition of orientation bundle L = A"(T*M), integration of densities. Only
use bundle transition functions arising from coordinate systems.

Definition 20.1. Define H*(M, L) de Rham cohomology with coefficients in L.
Theorem 20.2 (Poincaré duality for densities). We have

H*(M) =~ H ™ (M, L), (20.1)
and

HF(M) = H" % (M, L). (20.2)
Proof. Proof by Mayer-Vietoris sequence, integration of densities to get duality, five

lemma, and induction on the cardinality of a good cover. O]
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Corollary 20.3. If M is non-orientable, then
H"(M)=H!(M) =0, (20.3)

Example 20.4. RP": Orientable if and only if n is odd. Cover with 2 open sets
UV, withU=R", V=RP"' and UNV = S* !, use induction to get

R k=0, or k=nis odd

. (20.4)
0 otherwise,

H*(RP") = {

Example 20.5. CP"

21 Lecture 21

Proposition 21.1. For any N, H*(RP",Z,) = Z, for k < N. Denote the nontrivial
element of H'(RPY,Zy) by a. Then a generator of H*(RPYN,Zy) is given by a*,
where the operation is the cup product. The cohomology algebra H*(RP™ Zs) is a
polynomial algebra generated by 1, a.

Proof. We use the fact that singular homology is isomorphic to cellular homology
for a CW-complex. The space RPY is a CW-complex with a single cell in each
dimension less than or equal to N. To see this: the top dimensional cell is RY =
[1,21,...,25] C RPY. The missing set is RPY ! = [0, 21,...,2x] C RPY, then use
induction. Therefore, the CW chain complex with Z, coefficients

0—)CN2>CN_13>"'—>CQ—>O. (211)
is just
) 0
0—=Zy—Zy—> - — Ly — 0. (21.2)

The boundary of any n-cell is always twice the (n — 1)-cell or 0, so the boundary
maps are all zero since the coefficients are ZZ,. This shows that H(RPY, Lo) = Zs.
By the universal coefficient theorem, the cohomology groups are the same.

To determine the ring structure, we need some more information, because cellular
cohomology loses the ring structure. The proof proceeds by induction. For n = 2,
Poincaré duality (which still works for Z, coefficients on a non-orientable manifold),
says that for [a] € H'(RP?, Z,), there is a dual element [a/] € H'(RP?, Z,) such that
[a] U[d'] is the generator of H?(RP?, Z,). Clearly, the only possbility is that [a'] = [a],
so we have that a®> = [a] U [a] is the generator of H?(RP? Z,). Next, use that fact
that the inclusion RP"™! ¢ RP" induces isomorphisms in homology and cohomology
in dimensions strictly less than n. So then a,a?,...,a" ! are all non-zero. To show
that a™ is a generator, again use Poincaré duality. This says that there is an element
[a'] € HY(RP", Zy) such that [a"|U[d/] is a generator of H"(RP", Z). Again, clearly
[a'] = [a] so [a™] is a generator of H"(RP", Zs). O
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Definition 21.2. Let 7 : L — M be a real line bundle over M. Define wi(L) = f*a,
where f is any classifying map for L.

We need to prove that this is well-defined. For this, we will prove a much more
general fact.

Proposition 21.3. If fi : M — N is homotopic to fo : M — N then for any vector
bundle 7 : E — N, we have f{E = f5E.

Conversely, if vector bundles E1, E5 over M are equivalent, then the classifying
maps f1 : M — G(k,Ny) and fo : M — G(k, N3) are homotopic in G(k,00) (the
infinite Grassmannian,).

Proof. (Outline) For the first part, a homotopy is a smooth mapping H : [0, 1] x M —
N such that H(0,p) = fi(p), and H(1,p) = fa(p).

One proves that if H*E can be trivialized by a covering of the form (¢;, €;41) X V,
where V,, = f71(U,), and where E is trivial on U,,.

Next, one shows that if a bundle in trivial on (a,b) x U and also on (¢,d) x U,
where a < ¢ < b < d, then the bundle is trivial on (a,d) x U.

From this it follows that H*E is trivial on (0,1) x V,. This then implies that
H*E}{O}XM is isomorphic that H*E (1 xar which implies that f{fE = f5E.

For the second part, we saw that a classifying map f : M — RPY gives a mapping
f : L — RY, which is linear and injective on fibers, and conversely, such a map
determines f. So if we have another such map § : L — RY, then just take the
homotopy H(t,p) = (1 — t)f + tg, which gives a homotopy between f and g. The

problem with this is that f(e) might be equal to —g(e) for some vector e. To get
around this, let d; : R® — R* be the mapping

(xo, 1,22 ...) — (20,0,21,0,29,...), (21.3)
and dy : R*® — R* be the mapping
(ro,x1,22...) — (0,20,0,21,0,29,...). (21.4)
Note that we must have the following homotopies
f2diof>dyogy, (21.5)
so that f is homotopic to g.
O

Corollary 21.4. The vector bundles of rank k over M wup to equivalence are in
bijection with the homotopy classes [M, G(k, o0)].

We claim this new definition w}, is well-defined, and is equivalent to the first
definition of w;. To see this, note that for any mapping, we have

wi(f*L) = f*(wi(L)), (21.6)
and
wi(vy) = a. (21.7)
Apply this to a classifying map f : M — RP", we have
wi(L) = wi(f*vy) = ffuilyy) = fla] = wi(L). (21.8)
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21.1 Lorentzian metrics

If we instead specify that g is non-degenerate, but with a 1-dimensional maximally
negative definite subspace at each point, then ¢ is called a Lorentzian metric.

Proposition 21.5. If M is compact, then M admits a Lorentzian metric if and only
X(M) =0. If M is non-compact, then M admits a Lorentzian metric.

Proof. 1If M is non-compact, then M admits a nowhere vanishing vector field. This
means that

TM = A® B, (21.9)

where dim(A,) = 1 for every p € M, and A is a trivial bundle. The bundle A admits
a Riemannian metric g4, and B admits a Riemannian metric gg. Then ¢ = —ga+ g5
is a Lorentzian metric.

If M is compact then M admits a nowhere vanishing vector field if and only if
X(M) = 0. So if x(M) = 0, M admits a Lorentzian metric by the same argument.
Conversely, if M admit a Lorenztian metric g, then the negative definite subspace
defines a 1-dimensional sub-bundle of the tangent bundle, i.e.,

TM =A® B, (21.10)

where dim(A,) = 1 for every p € M. There is a double cover 7 : M — M such that
m*A is a trivial bundle. So then

TM =7*TM = m*A & n*B. (21.11)

Since 7* A is trivial, M admits a non-zero vector field, which implies that x(M) = 0.
But the Euler number is multiplicative under coverings, so x(M) = x(M)/2=0. O

Corollary 21.6. S™ admits a Lorenztian metric if and only if n < 3 and n is odd.
The only compact surfaces which admit a Lorenztian metric are T? and the Klein
bottle.

22 Lecture 22

22.1 Realification of complex bundles

If we view C as a 2-dimensional vector space over R, then we can view any com-
plex rank k£ vector bundle as a real rank 2k vector bundle. This corresponds to an
embedding

GL(k,C) — GL(2k,R) (22.1)
given by
. A -B
A+iB— <B A ) (22.2)
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Proposition 22.1. Any complex vector bundle, when viewed as a real vector bundle,
18 orientable.

Proof. The matrix

A+iB 0
( 0 A—z’B) (22.3)

is related to the matrix on the right hand side of (22.2) by a change of basis. Therefore,

det (g _B> = det(A + iB) det(A — iB) = |det(A+ iB)|* > 0, (22.4)

which shows that above imbedding maps
GL(k,C) — GL.(2k,R). (22.5)

Alternatively, by choosing a Hermitian metric, we can reduce the structure group to
U(k). Then we have

(A+iB)(A+iB)" = Id, (22.6)

which yields
AAT + BBT = Id, (22.7)
BAT — ABT = 0. (22.8

It follows that

GG () ) )

which shows that U(n) < SO(2n) under the above imbedding. O

23 Lecture 23

23.1 Connections on vector bundles

A connection is a mapping I'(T'M) x I'(F) — I'(E), with the properties
o VyseTI'(F),
* Vixi+pxes = [1Vx,s + [2Vx,s,
o Vx(fs)=(Xf)s+ fVxs.
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In coordinates, letting s;,2 = 1...p, be a local basis of sections of F,
Vo5 = IFsp. (23.1)
If E carries an inner product, then V is compatible if
X (s1,82) = (Vxs1,52) + (51, Vxsa). (23.2)
For a connection in T'M, V is called symmetric if
VxY - VyX =[X)Y], VXY eT(TM). (23.3)

Theorem 23.1. (Fundamental Theorem of Riemannian Geometry) There ezists a
unique symmetric, compatible connection in T'M.

Invariantly, the connection is defined by

(VxY, Z) = %(X(Y, 2V +Y(Z,X) — Z(X,Y)

(23.4)
—(V,[X, 2)) = (Z,[Y, X]) + (X, [Z,])).
Letting X = 0;,Y = 0;, Z = O, we obtain
Féjglk = <Féjalaak> = <V8iaj,ak>
= %(31‘9]% + 0;Gir — akgij)a (#3.9)
which yields the formula
F?j = %gkl (@‘9;1 +0;90 — algij> (23.6)

for the Riemannian Christoffel symbols.

23.2 Pull-back bundles

Let m : E — M be a real vector bundle of rank k over M, and f : N — M be a
smooth mapping. Recall that

J'E={(p,v) e NxE| f(p)=n(v)} (23.7)
is a vector bundle over NV, called the pull-back bundle of E along f. Note the following:

e If X is a vector field on N, then in general f,X is not a vector field on M.
However, f,X is a well-defined section of f*T'M.

e For a vector v € Ey(,), we define f*v € (f*E), by f*v = (p,v).

e Given a section s : M — FE, we define the pull-back f*s € I'(f*E) by f*s(p) =
(p,s 0 f).
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Proposition 23.2 (Pull-back connection). If f : N — M, and V is a connection in
m: E — M, then there is a unique connection f*V in the pull-back bundle f*E over
N such that for any section s : M — E, and X € TN,

(f*V)x(f"s) = ["(Vyxs). (23.8)

Proof. To define the pullback connection, fix a p € N, and choose a local frame
S1, ...k near f(p) for the bundle E. Then locally, write a section s € I'(f*E) as

k

s = Zsi(f*si), (23.9)

=1

where s’ is a smooth function defined in a neighborhood of p. Then for X € T,N,
define

(f*V)xs = X(s')f*s; + sif*(Vf*Xsi). (23.10)

Observe that the connection, if it exists, is locally unique. This formula then yields
a well-defined global connection on f*E over N, which is the unique one satisfying
(23.8) O

Note that if F admits a Riemannian metric g, then f*FE admits a Riemmannian
metric f*g defined by

(f*9)(v,w) = g(mov, mow). (23.11)

Note that this is really a “restriction” of the metric to the pull-back bundle, it is not
the same as the pull-back of a tensor field. For the restriction, we have the following

Proposition 23.3. If V is compatible with g then f*V is compatible with f*g.

Proof. Let f*sy, f*sy € I'(f*E) for sections sy and s9 in I'(F) and X € T,N. Then

X, (fg(frs1, frs2)) = Xp((g(sh $2)) o f)
= (£ X)(g(s1,52))
= 9(Vy.x51,82) + g(s51, V5, x82)
= g(ma((f*V)x f*s1),m2f"s2) + g(maf*s1, ma(([*V)x f"52))
= " 9((f*V)x [ s1, T s2) + T g(f"s1, (f*V)x fTs2).
(23.12)

The general case follows since any section may locally be written in the form (23.9).
m
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24 Lecture 24

We will show some properties of pullback connection which will be useful later.

Proposition 24.1. Let f : N — M be smooth. If V is a symmetric connection in
E =TM, then the pull-back connection f*N on f*T M satifies for any X, Y € T'(TN),

(f*V)x(LY) = (f*V)y (i X) = £ ([X, Y]). (24.1)

Proof. Choose a local coordinate ' : U — R™ near p and y' : V' — R"™ near f(p).
Write X = X2 and Y = Y'3%; and yo f = (f',..., "), where f': U — R. Note
that

=S () () 212

7j=1 a=1

Then

FY) = (P20 = PO (V (5 51) £ (505)) - (X 0 1)

= Vs, (v (o f“)f*(ai )) - (x o)

X () -x
:Xiaa< <6x9 )i (g >+ij<axﬂfa>(fv)

L)) () (5 ) o
= f([X.Y]).

(f—)—(XHY)

(24.3)
This is because the covariant derivative terms vanish. To see this,
X YJ(aJ;j)f (vf*aii a§a> - (X eY)
) (g 5) -5 »
o 3 :
=X (55) () 7 (7 e gya) — (X )
B
=XV (57) (527 (g~ V) =0
because V is symmetric. O]

Definition 24.2. The curvature of a connection V on a vector bundle E over M is
Ry e (T*"M @ T*M @ E* ® E) defined by

Rv(X, Y)S = VvaS — VvaS — V[X’y]S. (245)
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Exercise 24.3. Show that Ry is tensorial in all variables.

Proposition 24.4. If f : N - M and V is a connection on E over M and X,Y €
I'(T'N), s € I'(E) then

Rpw(X,Y)f*s = f*(Re(f.X, [.Y)s). (24.6)

Proof. Choose a local coordinate z* : U — R™ near p and y* : V — R" near f(p).
Write y o f = (f',..., "), where f': U — R. Let s be a section of I'(E), then we
compute
Rpro (2 L) s = (F°9) a (F9) o s = (i )
VN0t Oxi o o7 J
= (/'V) 0, ['( . 2.9) = (i )

= (f"V) 2, <% a)f* (V%s> — (1)
() () () (0.0) -

oy« Bzt

(24.7)
Since the Hessian is symmetric in ¢ and 7, we have
Rpes (o oY s = (o) (V) a1 (V a0 8) = (i 5 5)
= (%f‘“)f*(Vf*aaﬂvag S) — (i ¢ )
- (%fa> (aiifﬁ>f*<vay%vaf S> —ied) (24.8)
(I e
= (5 ()77 (5 5,
= [*(Rv(£.X, £.Y)s)
O

25 Lecture 25

25.1 Parallel Transport
As above, let V be a connection in the bundle 7 : £ — M.
Definition 25.1. A section s € I'(E) is parallel if Vs € T'(T*M ® E) satisfies Vs = 0.

Choose a local basis of section s;,% = 1...k of E, and local coordinates z* on M,
then by definition

V.o s;=T%sy, (25.1)

ozt
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so then for a section s = s’s;, we have
o . )
Vos=(=—s)s;+ sy
Y axz J

25.2)
0 ; (
= <8mi s? + F§k3k> s,

so s being parallel implies the system of first order linear differental equations

o0 . -

R s’ +T.s"=0. (25.3)
A parallel section does not necessarily exist, even locally. In general, existence of
a parallel section is an extremely restrictive condition. Note that if the Christoffel
symbols vanish, the functions s/ must be constant.

Example 25.2. The space of parallel vector fields for a flat metric on a torus is 2-
dimensional. If ¥ is any compact orientable surface of genus g # 1, then there are no
nontrivial parallel vector fields on ¥ with respect to any metric. If there were, then
this would be a nonzero vector field which implies the Euler characteristic vanishes.

Let v : I — M be a smooth curve, where I is an interval. Then the pull-back
bundle v*F is a bundle over [ and carries the connection y*V.

Definition 25.3. A section s € y*E is parallel along ~ if (W*V)%s = 0 for every
t € I. Given a vector Vi, € I, ), there exists a unique parallel section V' € v* I such
that V(t9) = (to, Vi,). The section V is called the parallel translate of Vi, along ~.

Proposition 25.4. Let v : I — M, and choose a coordinate system x : U — R"
and a coordinate neighborhood of vy(to),to € I. Assume also that E|y is trivial, and
let s1,...,sk be a local basis of E over U Write x o y(t) = (y(t),...,7"(t)). Write
s € D(y*E) ass = 3.1, s'v*s;, where s : U — R. Then then equation for s € T'(y*E)
to be parallel along v is locally

469 (20) <o (254

Proof. First, using the chain rule, we write

() = o 25

Next, we calculate

(1'V)gs = (V) (s7(1")))

de * T (~* *
= (78 (V) (77s5).

(25.6)
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Note that by the definition of the pullback connection
(V)4 (75) =7 (7, 25)

=7 (Vdvi. i 33‘)

dt 9zt

-2 (94)

- CZ T (0) (750

(25.7)

Substituting this into the above, we obtain

ds' ;d .
(7'V)as = —-(7s1) + 8" —- Ty (0(2)) (77 s1) 25.5)

- (% B o)

and since the v*s; are a local basis of sections of v*FE, the proposition follows.

]

Since this is a first order linear ODE, the parallel translate of a vector at any point
is a globally defined section along «, there is no obstruction. This is closely related
to the fact that the curvature tensor of v*V is identically zero, which follows from
skew-symmetry of the curvature tensor in the first two indices.

Exercise 25.5. Prove that if 7 : [a,b] = M, then P, : E, ) — E,@) is an invertible
linear mapping.

Lemma 25.6. If M is connected, and s € I'(E) is parallel, then s(p) = 0 at a single
point p € M implies that s = 0. Equivalently, if s is non-zero at a point p, then s is
non-zero everywhere.

Proof. Take ¢ € M, and let v : I — M be a path between p and ¢g. Consider
v*s € T'(y*E). Define v/ € T'(v*E) by v/ = 7. (%). Then by the definition of the
pull-back connection

(V'V)2(7"s) = 7" (Vys) = 0. (25.9)

Therefore v*s is parallel along . Since s(p) = 0, by the uniqueness theorem for
ODEs, v*s =0, so s(q) = 0. O

Proposition 25.7. If a connection V on w: E — M is compatible with a metric g,
then parallel translation along any curve is an isometry.

Proof. Given a curve y: I — M, and a,b € I, and V,, W, € E,(q) then V,, W, extend
uniquely to parallel vector fields along v, V,W € T'(v*E). Recall that v*g is a metric
on the bundle v*E — I, sov*g(V, W) : I — R is a function on /. By Proposition 23.3,
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the connection v*V is compatible with v*¢g. In the definition of compatibility, let X
be the vector field d/dt € I'(T'I), then

%((v*g)(‘/, W) =7'g((r V)V, W) + 7' (V. (7' V)2 W) =0, (25.10)

since both V' and W are parallel. Since inner product is constant, the proposition
follows. [

26 Lecture 26

We begin with the following lemma.

Lemma 26.1 (Independence of parametrization). Let 7 : [a,b] — M be a smooth
curve, and let Pyy © By — Eyp) be parallel translation along v from a to b. Let
a : [e,d] = [a,b] be a diffeomorphism with a(c) = a and o(d) = b. Consider 7 :
lc,d] — M defined by ¥ = yoa. Let P, E ) = E @) be parallel translation along

v fromc tod. Then P,y = Pe.q.

Proof. Take V, € E,(,) and extend V, to a section V' € I'(7*E) such that V' is parallel

along . Also, we can extend V, to a section V & ['(¥*FE) such that V is parallel
along 7. Noting that v*E = oa*y*FE, we have the diagram

VE —— vE —— F

| | lﬂ (26.1)

[Cad] — [aab] % Ma

Note that V' is a section of the middle bundle, and V is a section of the leftmost
bundle. Consider the section V = o*V € I'(a*y*E) = T'(3*E). Then

)
. aV) (26.2)
)

since V is parallel along ~. So V is parallel along 7, and V(¢) = a*(V(a)) = V,.
But V is by definition a parallel section along 4 with the same initial value. By the
uniqueness theorem for ODEs, we conclude that V = V = aV. Finally, we have
that V(d) = o*(V (b)) = V4, so the parallel translations are the same. O

26.1 Holonomy

Notice that we can obviously extend parallel translation to piecewise smooth curves,
and this will also be independent of parametrization. Given piecewise smooth curves
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7 ¢ [a,b) = M and 7, : [b,¢] — M, with (b)) = ~,(b), define the composition
M * 2 @ [a,b] = M to be the curve

m(t) t€la,b

Ya(t) t € [b, (] (26:3)

Y1 x Ya(t) = {

Given 7 : [a,b] — M, define the reverse curve v~ ! : [a,b] — M by v~ (t) = v(a+b—t).
By independence of parametrization, we can always reparametrize all curves to be
defined on [0, 1], and for the composition, make the first one from [0,1/2] and the
second one from [1/2,1]. Given py, ps € M, parallel translation from E,, to E,, along
piecewise smooth paths is associative, that is, parallel transport along « x (3 * )
equals parallel transport along (a * 3) * 7.

Definition 26.2. Given p € M, the holonomy group of a connection V : £ — M
at p is the subgroup Hol,(V) C GL(E,) consisting of all the parallel transport maps
E, — E, along all piecewise smooth loops based at p, with group operation induced
from the composition of paths.

If we take a path 7 : [a,b] — M with v(a) = p; and v(b) = ps, then sending a loop
« based at p; to 8 = y*a*7~! gives an isomorphism Hol,, (V) = Hol,,(V), so if M
is connected then we can talk about the holonomy group Hol(V) C GL(n,R). Note
that if V is compatible with a Riemannian metric g on E, then by Proposition 25.7,
we can view Hol(V) C O(n,R).

27 Lecture 27

We begin with the following.

Proposition 27.1. The holonomy group Hol(V) = {e} if and only if E — M is a
trivial bundle, and there is a global basis of parallel sections of E, in other words V
15 the trivial connection. In this case, we have Ry = 0.

Proof. 1f Hol(V) is trivial, then fix any point py € M. For any other point p € M,
choose a path « from p to py, and let P : & — E,,, be the mapping given by parallel
transport of V,, € E, along «. Since Hol(V) is trivial, this mapping is independent of
the choice of v, and gives a global trivialization of F, with a basis of parallel sections.
The converse is obvious. To see the last statement, choose a basis of parallel sections
si;;t=1...k, then

Rv(X, Y)SZ' = VvaSi — VYVXSi — V[X.Y]Si = O, (27.1)
since the s; are parallel. Since Ry is a tensor, this implies that Ry = 0. O

Remark 27.2. In general, vanishing of curvature Ry = 0 does not imply the con-
nection is trivial, we will say more about this below.
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Proposition 27.3. For { < k, if there is a trivial subbundle E C E of rank { which
is spanned by parallel sections s1,...s; (in which case we say that E is a parallel
subbundle) then the holonomy group Hol(V) C GL(k—¢,R) C GL(k,R). Conversely,
if there is an {-dimensional subspace of V,, C E, which is invariant under the holonomy
group action, then there is a parallel subbundle E C E such that Ep = V,. In this
case, we have Ry(X,Y)s =0 if s(p) € E, at p € M.

Proof. Clearly, E = span{sy,..., s} defines a trivial rank ¢ subbundle of F, which is
preserved under parallel translation. Conversely, E is obatined by parallel translating
V, to any other point along a curve, with the resulting subspace being independent
of choice of curve. The curvature statement is similar to above. O

Definition 27.4. A homotopy between piecewise smooth curves 7y : [0, 1] — M and
7 ¢ [0,1] — M is a continuous mapping H : [0,1] x [0,1] — M such that H(0,t) =
Y0(t), H(1,t) = v (t) and there exists a partition 0 =t < t; < -+ < tp,_1 <t, =150
that H : [0,1] x (¢;,t;11) — M is smooth. If 7(0) = 1 (0) = p and (1) = 71 (1) = ¢,
then we say the homotopy fizes endpoints if H(s,0) = p and H(s,1) = ¢ for all
s € [0,1].

Definition 27.5. The restricted holonomy group of V at p is the subgroup of
Hol,,(V) C Hol,(V) given by parallel translates along all contractible curves (curves
which are homotopic to a constant path {p}).

Again if M is connected, there is a well-defined group Hol,(V) up to isomorphism.

Proposition 27.6. The group Hol(V) is a Lie group and Hol,(V) is the identity
component (which is a normal subgroup), and there exists a homomorphism from
w1 (M) onto the quotient group Hol(V)/Hol,(V).

Proof. First, fixing a basepoint, we have the embedding Hol,(V) C GL(E,), so
Hol,(V) is a subgroup of a Lie group. We claim that Holy(V) is path connected.
To see this, let H be a homotopy between 7 and a constant path {p}, and let ~5(¢)
be the curve H(s,t). Let P, : E, — E, be parallel translation along v,. Then P,
is a path between the restricted holonomy group element determined by v and the
identity map Id : E, — E,, since parallel translation along a constant curve is trivial.
By a Theorem of Yamabe [?], Hol,(V) is a Lie group. It is a normal subgroup of
Hol(V) because for all h € Hol(V), h™' o P, o h is a path from h™' o P, o h to Id.
Then Hol(V) is a Lie group, with Hol(V)/Holy(V) in one-one correspondence with
the connected components. This is countable because there is clearly a well-defined
homomorphism from (M) — Hol(V)/Holy(V) which is surjective, and because
m (M) is countable. O
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28 Lecture 28

28.1 Group actions

First, we recall some definitions. A left action of a Lie group G on a manifold M is
a smooth mapping F' : G x M — M satistying

F(g192,p) = F(g1, F(g2,p)), Fle,p)=p (28.1)

We will also sometimes denote the action as p — g - p. Given a group action of G on
M the orbit of p € M is

F(G,p)={g-plg € G}. (28.2)

Being in the same orbit defines an equivalence relation, and the space of orbits M /G
carries the quotient topology such that

T M— M/G (28.3)
is open.
e The action is effective is F(g,p) = p for all p € M implies that g = e.

e The action is transitive if for all p, ¢ € M, there exists g € G such that F'(g,p) =
q.

e The action is free if the only diffeomorphism p — F(g,p) with a fixed point is
with g = e.

e The action is properly discontinuous if for p € M, there exists a neighborhood
U, of p such that F(g,U,) N U, # 0 if and only if g = e.

Note that
properly discontinuous = free = effective. (28.4)

The first basic theorem we will need is the following.

Theorem 28.1 ([?]). If G acts properly discontinuously on M then M /G is a man-
ifold, and 7 : M — M/G is a covering space of M/G.

For p € M the usotropy group at p is
H={g9e€G|F(g,p)=p} (28.5)

The second basic theorem we will need is the following.

Theorem 28.2 ([War83]). Assume that G acts transitively on M. For py € M, let
H denote the isotropy group at po, and let G/H be the space of left cosets of H with
the quotient topology. Then the mapping 5 : G/H — M defined by

B(gH) = F(g, po) (28.6)

s a diffeomorphism.
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28.2 Examples

Take a basis vy, ..., v, of R", and consider the lattice
L=A{av1 + - -+ ay,l(aq,...,a,) € Z"} (28.7)

Let Z™ acts on R™ by integers translations in the lattice directions. This is properly
discontinuous, so by Theorem 28.1 then quotient R"/Z" is a manifold, and it is not
hard to see that

n

——~
R"/Z" =2 S' x ... x St =T" (28.8)

is an n-dimensional torus. Note the Euclidean metric descends to a metric on 1"
called the flat metric.

The next example is the unit n-sphere S® C R"*!, with the Riemannian metric
induced from Euclidean space. It is not hard to see that SO(n+1) acts transitively on
S™, with stabilizer subgroup of any point isomorphic to SO(n), so by Theorem 28.2
we have

S" = SO(n +1)/SO(n) (28.9)

e For an n-torus 7™ with a flat metric g, the holonomy of the Riemannian con-
nection is trivial, and there are n linearly independent parallel sections.

e For S™ with the round metric and Riemannian connection, Hol(V) = SO(n)
(details given in lecture). To see this, prove for S? first. Parallel translation
along great circles is the identity map after rotating to identity tangent spaces.
From the north pole, take a path down a longitude to the equator, then travel
along the equator, and then go back up to the north pole along another longi-
tude. This shows that the holonomy group at the north pole is ST = SO(2).
For higher dimensions, assume that the isotropy group is

H= (é SOO(n)) (28.10)

Using the canonical form for orthogonal matrices, we can assume that the SO(n)
piece is block diagonal with 2 x 2 rotation matrices, and possibly an identity
block. For each 2 x 2 block, we can obtain this map by the above parallel
translation argument on S2, and this completes the proof. Note that by Propo-
sition 27.3, there are no parallel vector fields, even locally.

e For RP" with the round metric and Riemannian connection, Hol(V) = O(n),
Hol,(V) = SO(n), and m(RP") = Hol(V)/Hol,(V) = Zs.
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29 Lecture 29

Today, we will show the following.

Proposition 29.1. If Ry =0, and p,q € M, and vy, are paths from p to q which
are homotopic with fized endpoints, then parallel tranport along vy and v, from p to
q 1s the same.

Proof. Let H : [0,1] x [0,1] — M be a homotopy between ~, : [0,1] — M and
v [0,1] = M H(0,t) = ~(t), H(1,t) = 7 (t) which fixed endpoints, that is,
H(s,0) = p and H(s,1) = q for all s € [0,1]. Let Ps(t) be parallel transport along
vs(t) = H(s,t) from E, to E, ), and let

P, = P,(1): E, — E,. (20.1)

Take Vi € E, and define V(s,t) = Py(t)Vy. This is a piecewise smooth section
along H, that is, V € T'(H*E). Consider the pull-back connection H*V which is a
connection on H*E — [0,1] x [0,1]. Since V is by definition parallel along the curve
vs(t), we have

(H'V) o V(s,1) =0 (29.2)
(29.3)

with initial conditions V' (s,0) = V4, which makes sense since the fiber of H*E over
I x {0} is the fixed fiber E,.

Next, define
W (s, t) = (H*V)gV(s,t) (29.4)
Since the homotopy fixes endpoints, it is not hard to see that
0
W(s,0) = %V(s,t)h:o =0 (29.5)
Wi(s,1) = 2V(s t)]i=1 = 2(77 Vo) (29.6)
1) = 55V 8 D=1 = 5P Vo) :
By definition of the curvature tensor, we have
H*V)o (H'V)aV —(H*V)2 (H'V)2V =R 09 Vv 29.7
(H'9) g (H'V) gV = (H'V) g (H'V) o V = Rirw (-, 5 (29.7)

By the assumption that Ry = 0, and Proposition 24.4, the right hand side is zero.
Also, from (29.2), the first term on the left hand side is zero, so we have

(H*V)%(H*V>8@V = (H*V)%W =0. (29.8)
Since W (s,0) = 0 and W is also parallel along the v;(t)-curves, we conclude that
0
W(s,1) = 5-(P:W), (29.9)
Os
which shows that P,V; is independent of s. n
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This implies the following.

Corollary 29.2. If Ry = 0, then the restricted holonomy group at any p € M is
trivial, and there is a surjective homomorphism from m (M) onto Hol(V). Conse-
quently, if Ry = 0 and m (M) = {e}, then E is a trivial bundle and V is the trivial
connection on E.

Proof. The first part follows from Propositions 27.6 and 29.1. The second part then
follows from Proposition 27.1. O]

Remark 29.3. As an example that this is sharp, the flat metric on 72 descends to
a flat metric on the Klein bottle K? = T?/Z,. The Riemannian connection is a flat
connection on TK?, but this is not a trivial bundle (since K? is non-orientable). We
have Hol,(V) = {e}, and Hol(V) = Zs.

30 Lecture 30

Today we will prove a few more items about holonomy. The first is the following.

Proposition 30.1. If V is a connection on w : E — M then the structure group of
E can be reduced to Hol(V).

Proof. A local trivialization ®,, : U, x R¥ — E|y. is equivalent to choosing a local
basis of sections s; € ['(E|y,) fori = 1... k. Choose a coordinate system x : U, — R,
and assume that x(p) = 0 and that x(U,) is a ball centered at the origin, and choose
any frame eq,...,e; at p. Choose radial coordinate on R", and parallel translate
along radial rays to extend the frame at p to a frame sq,...,s; in U,. It is not hard
to see that this is a smooth frame field over U,, and thus gives a local trivialization
of E over U,. The overlap maps must lie in

Gas : Ua N Uz — Hol, (V) C GL(k,R). (30.1)

However, since the holonomy groups at different points are conjugate, we can choose

functions f, : Uy, — GL(k,R) and f5: Ug — GL(k,R) so that
f;l o [ € HOlp(V), (30.2)

which is a reduction of the structure group. ]

Another proposition which will be useful later.

Proposition 30.2. Given any p € M, there exists a local frame field sy, ..., s, in a
neighborhood of p such that Vs;(p) = 0, and Tl;(p) = 0.

Proof. As in the previous proposition, parallel translate a fixed frame along radial
curves. Then clearly Vs; = 0 at p. Next, choosing a local coordinate system x near
p, we have

0= V%Sj(p) = Ffj(p)sk. (30.3)
The right hand side is a linear combination of the s, which form a basis, so by linear
independence, Ffj (p) =0. ]
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We return to flat connections.

Proposition 30.3. The space of flat connections on @ : E — M modulo pullback
under bundle equivalence can be identified with the k-dimensional representations of
m1 (M) modulo equivalence of representations.

Proof. By the corollary above, if V is a flat connection, then one obtains a homomor-
phism

p:m (M) = Hol(V) C GL(k,R) (30.4)

which is a representation of 71 (M).

Conversely, given such a representation, one can build a flat connection by taking
flat connection on the the trivial bundle M x R*, where M is the universal cover of
M, and quotienting by the action of (M)

v (B,v) = (70, p(7)v), (30.5)

where v € m; (M), which acts on $ € M, and v € R¥, to get a bundle £ — M. Note

the following. If o : M — M denotes the unlversal cover, then o*F is the trivial
bundle. O

Note that if V is a flat connection, then by Proposition 7, Hol(V) is a discrete
group. By Proposition ?, the transition functions of the bundle can be taken to be
constant.

In this case, we have the complex

s oy B~ (ML E) —E QML E) —S oL (30.6)
where Q'(M, E) = T(AY(T*M) ® E), and
dV(a®s) =da®s+aAVs. (30.7)

Note that this is a complex by flatness of the bundle.
So for a flat connection on a bundle, one can define a cohomology theory

Ker{s : Q?(M, E) — Q' (M, E)}

HG (M, E) = Im{6: Q—1(M,E) — Q»(M,E)}

(30.8)

By the Proposition above, this can really be thought of as a fancy invariant de-
pending upon representation theory of 7 (M).

31 Lecture 31

Today we will show that the curvature tensor can be obtained directly from parallel
transport. Take two linearly independent vectors X,,, Y, € T,,M. Choose a coordinate
system around p € M, so that X, = a a7, Yy = %. Let D, ., be the coordinate
rectangle with side length ¢; in the variable z’, for i = 1,2. Let P, : E, = E,
denote parallel translation along the boundary of D, e,-
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Theorem 31.1. We have
P. &Sy =5, — €16aRy(X,Y)s, + o(ef + e%)sp, (31.1)
as €1,€y —» 0.

Proof. Label everything as follows:

72
| Ycp
D C
YDA YBC
i
A YAB B "

Choose a local basis of sections sy, ..., s so that Vs;(A4) = 0, and write a section
as s = Zle sls; for functions s/. Parametrize yap by ¢ — (¢,0,--- ,0) with ¢ € [0, €;].
The ODE for parallel transport along v4p is

d J 1’\7 l _ 1 2
T (¢,0,...,0)+1,(t,0,...,0)s'(£,0,...,0) = 0. (31.2)

Using a Taylor exapansion,

. . d 1 &
1(t,0,...,0) = s, + —s/(t,0,... —— s (t 3 1
ast — 0.
The ODE (31.2) yields
d J J l
7S (¢,0,...,0) 0 —I7,(0,...,0)s, (31.4)
and differentiating (31.2) yields
d? d d
—s1(t,0,...,0)| =——T(0,...,0 —I,(0,...,0)—5'(t,0,...,0
dtgs ( ) ) )t:O dt 11( ’ )tz()SA 1l( ) ’ )dts< » Yy ) )t—O
d or
- dtrjll( t,0,. 70) t:OSfA == axlll (O) 547
(31.5)
because the second terms vanishes since we are using an adapted frame.
Putting all this together, we obtain
. . 1 (91”
s = 8(61,0,...,0) =5, — ~€ o —(0)s'y + O(€)), (31.6)

as g — 0.
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In a similar fashion, we can compute the following parallel transports. Along the
curve Yo : t — (€1,t,0...,0),

D : or} 1,01y
st = s (€1, €,...,0) = s — €169 a;ll (0)shy — 56% 0;522[ (0)sh + Lo.t., (31.7)
along the curve yeop : t — (€1 — t, €,0,...,0),
o : oT 1 ,0r
s, = s7(0,€,...,0) = sl + 6162871;(0)5’0 + 5e§87111(0)slc +lLot., (31.8)
and along the curve yp4 : t — (0,2 — ¢,0,...,0),
S 1,01
s =5(0,0,...,0) = s, + 56% 6x22l (0)sh, + O(€d), (31.9)

Adding these four parallel transport equations together yields

or? or}
P sy — (”0— 2’0)l~0 Lot
LeaSA = SA + €169 (’9%2( ) aaxl( ) )s48;(0) + Lo (31.10)
:SA—eleng<%,@>sA+l.o.t.,

using the definition of the curvature tensor, and since the frame is adapted at A. [

32 Lecture 32

32.1 Geodesics

Now let use restrict attention to connections in T'M; such a connection is called a
linear connection on M.

Definition 32.1. For a linear connection on M, a curve v : [ — M is a geodesic if

v =, <%) is parallel along ~, that is

(v*V)%v' =0. (32.1)

Choose local coordinate z* on M and write xoy = (v',...,~4"). From Proposition
25.4, the condition for a geodesic is locally the second order nonlinear ODE

dQVk k
pTE + 15 (v ( ))EE

The local existence and uniqueness theorem for ODEs says that given p € M and
X, € T,M, there is a unique geodesic v : (—e¢, €) — M satistying v(0) = p, 7' (0) = X,.

dy' vy
DR —) (32.2)

Example 32.2. Flat metric on a torus 7", or a cylinder. In Euclidean coordinates
on the universal cover, we have Ffj = 0. In these coordinates, the geodesics are just
straight lines.
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32.2 The exponential map
If v € T,M, and there exists a geodesic v : [0,1] — M satisfying v(p) = 0, and
7'(0) = v, then define exp,(v) = v(1).

Proposition 32.3. For any v € T,M, the curve v(t) = exp,(tv) is defined for t
sufficiently small, and is a geodesic satisfying v(0) = p, and v'(0) = v.

Proof. By the ODE existence theorem, there exists a geodesic 7 : (—e¢,€) — M such
that 4(0) = p, and 7/(0) = v. For any ¢ > 0, consider .(t) = J(ct). Clearly 7. is a
geodesic, and

7.(0) =c¢-7'(0) = ¢ v. (32.3)
So then exp,(c-v) = 7.(1) = Y(c) is defined for ¢ sufficiently small. O

From this proposition, and the ODE existence theorem, we see that the exponen-
tial map is defined in a neighborhood of the origin.

Proposition 32.4. If v is a geodesic then the norm of v is constant along .

Proof. Note that v € I'(v*T'M), and from Proposition 23.3, we have that

d * * *
(90 =2y g((’y V)gy’,v’) =0 (32.4)
O
For any curve 7 : I — M, and ty € I, define the arclength (starting at o) by
¢
. 1
L= [ (o6 e (32,5
to
So for any geodesic, the arclenth is a linear function of ¢. If ||7/|| = 1, then we say ~y
is parametrized by arclength.
Next, if v € T,M, we have
(expp)«lo : Ty(TpyM) = Ty, () M. (32.6)
Since T, M is a linear space, we can view this as
(expp)*|v : TpM — Te:cpp(v)M- (327)
Lemma 32.5. The mapping
(expp)«lo : TyM — T,M. (32.8)

15 the identity map.

Proof. Given v € T,M,c(t) =t-v is a curve with ¢/(0) = v. From Proposition 32.3,
expy(c(t)) = expy(t - v) is the unique geodesic v(t) with tangent v at t = 0. Then

d

(com)elolv) = Semp(e(t)| _ = 50

= . 2.
dt t=0 v (32.9)

t=0

[]

From the inverse function theorem, we have the following corollary.

Corollary 32.6. The mappping exp, : T,M — M is a local diffeomorphism near p.
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32.3 Gauss Lemma

Assume that ¢ is a Riemannian metric and that V is the Riemannian connection in
TM — M.

Lemma 32.7. The radial geodesics from a point p are orthogonal to the hypersurfaces

Sp(r) = {expy(v) | [lvll = 7}

Proof. Let v(s) be a curve in T,M with [|v(s)| = 7o, and define f(r, s) = exp(rv(s)).
Consider the connection f*V which is a connection on f*T'M over [0, 7] X (—¢,€).
Denote

(2 %-nl)

both of which are sections of f*T'M. Using Proposition 23.3 (compatibility of the
pullback connection), we have

o (ZL N < o (9, 290 (9 (29, )

or or’ Os
~ra(Z 9,9,

(32.11)

since the radial curves are geodesics. Next, using Proposition 24.1 (“symmetry” of
the pullback connection), we have

(22 = (o (L9 0 9

or or’ Os L of of
285{(f g)<8r (97’>}’

again using Proposition 23.3. Notice that 0f/0r at the point (r,s) is the tangent
vector to the geodesic v(r) from p, with initial tangent vector v(s). Since the norm
of a tangent vector to a geodesic is constant in 7, we have that

(32.12)

of of
(f* g)(ar B ) = 1o, (32.13)
and is therefore independent of s. Consequently, the function
of of
)l =, =— 2.14
(9 (5 5) (32.14)
must be constant in r. But since f(0, s) = p, we have
of
L =0 32.15
Oslr=0 ( )
which finishes the proof. O]
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33 Lecture 33

33.1 Normal Coordinates 1

We define Euclidean normal coordinates to be the coordinate system given by the
exponential map, together with a Euclidean coordinate system {z'} on T,M such the
the metric g;;(p) = ;5. We define radial normal coordinates to be

O:RY xS 5 M, (33.1)
given by
(r,&) — exp(rf). (33.2)
Proposition 33.1. In Euclidean normal coordinates,
9= gpue + O(J2]*), asz — 0, (33.3)
where gpye 15 the standard Fuclidean metric. In radial normal coordinates, we have
O*g = dr* + g,_1, (33.4)
where g,_1 is a metric on S"' depending upon r, and satisfying
Gn_1 =12gsn—1 +O(r?), asr — 0, (33.5)
where ggn—1 18 the standard metric on the unit sphere.

Proof. For the first statement, we know that exp,(0) = Id, so the constant term in
the Taylor expansion of ¢ is given by gg... Next, we recall that the geodesic equation
is

A4 Fj-mjf'y’“ = 0. (33.6)

Since the radial directions are geodesics, we can let v = rv, where v is any vector.
Evaluating the geodesic equation at the origin, we have

L(0)070F =0, (33.7)

for arbitrary v, so I'},(0) = 0 (using symmetry). It is then easy to see from the
definition of the Christoffel symbols that all first derivatives of the metric then vanish
at p.

In normal coordinates, the lines through the origin are geodesics, and therefore
have parallel tangent vector field. This implies that the radial component of the
metric is dr?. Then (33.4) follows from the Gauss Lemma. Finally, we see that
Grue = dr? +12ggn-1, so the second expansion follows from the first.
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Remark 33.2. Notice that the term r2gg.-1 is indeed O(1) as r — 0. Write h =
gsn—1, and then fixing some coordinate system on S™"™!, we compute

[7?h|? = rtg® g R hpg = hPhIhhyy = (0 — 1). (33.8)

If that is not convincing, then consider the case of n = 2. Let z = rcos(f) and
y = rsin(f). Then r? = 2% + y?, and 0 = arctan y/x. It is then easy to compute that

da® + dy* = dr® + r?d6?. (33.9)
Note that, in a computation analogous to the above, that |df| = r~!. That is, d6 is
not of unit norm, but rather rdf is.

]

33.2 Geodesics are locally minimizing

Lemma 33.3. Let ¢ : [a,b] — M \ p be given by a piecewise smooth curve c(t) =
exp,(u(t)v(t)), where 0 < u(t) < € and ||v(t)|| =1 Then the length of c

Lbc > |u(b) — u(a)| (33.10)
with equality if and only if u is monotone and v is constant.
Proof. Let a(r,t) = exp,(rv(t)), so that ¢(t) = a(u(t),t). Then

de  Oa , O

— = —=—u(t) +—=. 33.11
i oD (33.11)
From the Gauss Lemma, the 2 terms on the right hand side are orthogonal. Note
also that ||%2|| = 1, by Proposition 32.4, so we have

dc ) o8 )
151 = W @OF + 151 = [ (O)F (33.12)

with equality if and only if %—i‘ = 0 which is equivalent to v being constant. Finally,

b b
Lgc:/ ||c’(t)||dt2/ W/ (t)|dt > u(b) — u(a)]. (33.13)
O

Corollary 33.4. If p and q are sufficiently close, then there is a unique minimizing
geodesic joining p and q.

Proof. If the radial geodesic from p to ¢ = exp,(vo) does not minimize, then a shorter
path would have to go outside of the spherical shell ||[v|| = ||vg||, but by the Lemma,
such a path would have longer length. O]

Example 33.5. A great circle of S™ is the intersection of S” with a 2-plane in R"*!.
We claim that great circles on S™ are geodesics. To see this, let p, ¢ € S™ be sufficiently
close so that they are joined by a minimizing geodesic v between. There is a isometric
reflection I : S™ — S™ which fixes the great circle containing p and ¢q. Then () is a
curve of the same minimizing length, so by uniqueness /() = =y, which implies that
~ must be part of the great circle.
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34 Lecture 34

34.1 Distance function and Completeness
Let (M, g) be a connected Riemannian manifold. For p,q € M, define
d(p,q) = inf{L(7) | v is a piecwise smooth curve from p to ¢}. (34.1)
Proposition 34.1. The function d : M x M — R is a metric, that is
d(p,q) >0, (34.2)

with equality if and only if p = q, and for py,ps,p3 € M,

d(p1,ps) < d(p1,p2) + d(p2, p3). (34.3)

Furthermore, the topology induced by d is the same as the original topology on M.

Recall that (M, d) is complete in the metric space sense if every Cauchy sequence
has a convergent subsequence.

Definition 34.2. A Riemannian manifold (M, g) is geodesically complete if every
gedoesic v : [a,b] — M can be extended to a geodesic defined on all of R.

Theorem 34.3 (Hopf-Rinow). A Riemannian manifold (M,g) is complete in the
metric space sense if and only if it is geodesically complete. In this case, there exists
a length minimizing geodesic between any 2 points in M.

In particular, if M is compact, there exists a length minimizing geodesic between
any two points.

34.2 The first variation formula

The length functional is invariant under reparametrizations, which causes problems
for variational arguments. To remedy this, consider instead the energy functional,
defined for v : [a,b] — M

b b
d d
b _ /112 _ * _ _
£t = [ I = [ oo (o () (5)) (34.4)
Note that
b b % L
o) = [ Ilde< { [ Iipa) e - o, (319
which squares to

(Le()* < (b= a)Eg(v), (34.6)

and equality holds if and only if ¢ is proportional to arclength.
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Lemma 34.4. If v is a piecwise smooth curve that minimizes length between p and
q then v is a smooth geodesic.

Proof. 1f v minimizes length between p and ¢, it must also minimize length between
any 2 points on 7. Locally, use Lemma 33.3 to prove that 7 is a smooth geodesic. [

In particular, minimizing geodesics are critical points for the energy functional.
What other paths are critical?

Definition 34.5. A variation of a piecewise smooth curve 7 : [a,b] — M is a con-
tinuous mapping « : (—¢,€) x [a,b] — M such that «(0,t) = () and there exists
a partition a =ty < t; < --- < t,—1 < t, = bso that o : (—€,€) X (t;,ti1) > M
is smooth. If v(a) = p and v(b) = ¢, then we say the variation fizes endpoints if
a(u,a) = p and a(u,b) = q for all u € (—¢,€).

Denote
Oa 0 Oa 0
— =a =), —=a.(=—), 4.
ot < (at> ou (8u) (34.7)
both of which are sections of a*T'M. We call
Ja
W, = — 34.8
t (9u u=0 ( )

the variation vector field. Define

Ay =7/ (t+) =9/ (t—) (34.9)

to be the jump in the velocity vector field at ¢, which is only possibly nonzero at the
points ;.

Theorem 34.6 (First variation formula). For any variation « of 7y, we have

Ld(E(a(u, ))
2 du

==Y (v (Wi, Ay - / (7*g)<Wt,(7*V)%7’)dt. (34.10)

u=0

Proof. Using Proposition 23.3 (compatibility of the pullback connection) and Propo-
sition 24.1 (“symmetry” of the pullback connection), we compute

804 Jda
A ) /a (5 90 )
_2/(1( )((a V)a 86;“ aaj>dt (34.11)

-2 [l (0950 G

Again using Proposition 23.3, we have

%( >(§Z %Z) :(O‘*g)((a V)eow ol
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Do 8(1) +<a*g)<g_z’((l*v)aa_?>, (34.12)



Substituting this into the above yields

) [ (e (G ) - (G omy ) ou

Evaluating at v = 0, and using the fundamental theorem of calculus on the first term
yields the first variation formula. m

Corollary 34.7. If v is piecwise smooth and critical for E, then v is smooth and is
a geodesic.

Proof. Let a be a variation which is supported away from the t;, of the form
W(t) = ft)(v'V) v, (34.14)

with f(t) > 0 away from the ¢;. For such a variation, the first term in the first
variation formula vanishes, so we have

= - /ab(v*g)f(t)<(v*v);t7’7 (V*V)$7/> dt. (34.15)

Since the integrand is non-negative, we conclude it vanishes, so ~y satisfies the geodesic
equation away from the ¢;. Next, pick a variation such that W (t;) = A;,4’. Then the
first variation formula yields

1d(E(a(u,))
2 du

= - Z(V*g> (At¢7/7 At//)? (3416>

u=0

which implies that A;,7" = 0. From the ODE existence and uniqueness theorem, 7 is
smooth at the t;. O

35 Lecture 35

35.1 The second variation formula

To be completed.

35.2 Jacobi fields
Definition 35.1. A vector field J € I'(y*T'M) along a geodesic v, is a Jacobi field if

D*J
dt?

+ R(J,A)Y =0 (35.1)
Definition 35.2. Points p and ¢ are conjugate along a geodesic v : [a,b] — M if

there exists a nonzero Jacobi field J along v such that J(a) = 0 and J(b) = 0. The
multiplicity of p and ¢ is the dimension of the space of such Jacobi fields.
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36 Lecture 36

We view the second variation as a symmetric bilinear form, i.e., for Wy, Wy € T.Q(p, q),
E**(Wl,WQ) = E**<W2,W1) (361)

Definition 36.1. The index of E.., Index(E,.) is the maximum dimension of a
negative definite subspace of F,,. The null space of E,, is

Null(E,..) = {W € T.Q | E..(W,W) =0V W € T,Q}. (36.2)
The nullity of F, is the dimension of the nullspace of F,.,.

Theorem 36.2. W is in the null space of E.. if and only if W is a Jacobi field. The
nullity of F.. is therefore equal to the multiplicity of p and q.

Proof. To be completed. m
Example 36.3. If R = 0 then there are no conjugate points.

Proposition 36.4. Ifv is a minimizing geodesic between p and q then E..(W, W) >0
for all W € T, Q. In other words, the index of E., is zero.

Proof. To be completed. m

Our goal is to prove a converse of this: if £, (W, W) > 0 for all W € T, then ~y
is minimizing. Before that, we will investigate further the null space of E...

Lemma 36.5. If v : [a,b] — M is a geodesic and if a(u,t) is a variation of

through geodesics, then W (t) = g—‘;|u:0 is a Jacobi field along . Therefore, if o fizes

endpoints, then p and q are conjugate.
Proof. To be completed. O
Example 36.6. Jacobi fields in R".

37 Lecture 37

Example 37.1. The space of Jacobi fields on S™ on a great circle between antipodal
points vanishing at both endpoints has maximal dimension n — 1.

Proposition 37.2. Every Jacobi field along a geodesic 7 : [a,b] — M arises from a
variation of v through geodesics. If J(a) = 0, then there is a variation which fizes a
(but this is not necessarily true also at b if J(b) =0. )

Proof. To be completed. O

Theorem 37.3. Let 7 : [a,b] — M be a geodesic. If there exists a conjugate point
Y(7) forT € (a,b) then there exists W € T,Q such that E,..(W, W) < 0. Consequently,
~v cannot be a local minimizer of the energy functional.

Proof. To be completed. m
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38 Lecture 38

Theorem 38.1. The point exp,(v) is conjugate to p along the geodesic y(t) =
exp,(tv) if and only if v is a critical point of exp,.

Proof. To be completed. O]

Corollary 38.2. If p € M then for almost every q € M, p is not conjugate to q along
any geodesic.

Proof. Sard’s Theorem. O

Remark 38.3. Denote by Conj(p) the set of points which are conjugate to ¢ along
some geodesic. Then H"2(Conj(p)) < oo, [?].

Lemma 38.4. For v,w € T,M, let y(t) be the geodesic exp,(tv). Let J(t) be the
Jacobi field along v with J(0) =0 and 22|,_o = w. Then (exp,)..(w) = J(1), where
we identify T,(T,M) = T,M.

Proof. To be completed. n

Lemma 38.5. Suppose g(R(A, B)B,A) <0 for all A,B € T,M and for all p € M.
Then no 2 points in M are conjugate along any geodesic.

Let IT C T, M be a 2-plane, and let X, Y, € T,M span II. Then
9(R(X, Y)Y, X)

D= S X)gv7) — gV s
is called the sectional curvature of the 2-plane II.
Lemma 38.6. K (I) is independent of the particular chosen basis for I1
Proof. To be completed. n

39 Lecture 39

Theorem 39.1 (Cartan-Hadamard). Let M be complete and simply connected with
nonpositive sectional curvature. Then M is diffeomorphic to R™. Furthermore, any
2 points in M are joined by a unique geodesic.

Proof. To be completed. n

Corollary 39.2. If M is complete and nonpositive sectional curvature then m;(M) =
0 fori>1.

Proof. Homotopy sequence of a fibration. m

Example 39.3. S™ does not admit a metric with nonpositive sectional curvature.
Nor does SP x S? with p > 1. Nor does M; x My with M; simply connected.

Corollary 39.4. If M is complete and nonpositive sectional curvature then (M)
contains no element of finite order other than the identity.

Proof. Needs some theory of cohomology of finite groups. m
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40 Lecture 40

40.1 Curvature in the tangent bundle

The curvature tensor is defined by
R(X,Y)Z =VxVyZ —=VyVxZ =V xyZ,
for vector fields X, Y, and Z. We define

Rm(X,Y,Z,W) = —(R(X,Y)Z,W).

(40.1)

(40.2)

We will refer to R as the curvature tensor of type (1,3) and to Rm as the curvature

tensor of type (0,4).
The algebraic symmetries are:

R(X,Y)Z = —R(Y,X)Z
0=R(X,Y)Z+R(Y,2)X +R(Z,X)Y
Rm(X,Y,Z,W) = —Rm(X,Y, W, Z)
Rm(X,Y,W,Z) = Rm(W, Z, X,Y).

z’jkl by

In a coordinate system we define quantities R
R(0:,0;)0r = R0,
or equivalently,
R = Rylda’ @ da? @ da* @ ).
Define quantities R;;x by
Rijr = Rm(0;,0;, 0k, 0),
or equivalently,
Rm = Rijkldxi ® de? @ da* @ da'.

Then

Rijii = —(R(0i, 0j)0k, 01) = — (R4 Om, O1) = — R34 G-
Equivalently,

Riji = Rijkmgmlv

that is, we lower the upper index to the third position.

(40.8)

(40.9)

(40.10)

(40.11)

(40.12)

Remark 40.1. Some authors choose to lower this index to a different position. One
has to be very careful with this, or you might end up proving that S™ has negative

curvature!
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In coordinates, the algebraic symmetries of the curvature tensor are

Rijkl = _Rjikl (4013)
Rijii = — Rijuk (40.15)
Rijki = Ryaij- (40.16)
Of course, we can write the first 2 symmetries as a (0,4) tensor,
Riji = —Rjinl (40.17)
0 = Riju + Rjkir + Biiji- (40.18)

Note that using (40.16), the algebraic Bianchi identity (40.18) may be written as
0 = Riji + Ririj + Rijg- (40.19)
We next compute the curvature tensor in coordinates.
R(0:,0;)0k = R0,
= V5, Vo, 0k — Vo, V,0k

= Vo, (I5:0) = Vo, (T0) (40.20)
= ai(rg'k)al + Fé'kFZl m — 05T )0y — FékF;‘TlL m

= (O:(T%) + DAL, — 9,(T) = DALY, )0,

which is the formula

Riji' = 0(Tj) — 0;(Th) + Tip T — Ty i (40.21)

im= jk jm~ ik

Fix a point p. Exponential coordinates around p form a normal coordinate system
at p. That is ¢;;(p) = d;j, and Jkg;;(p) = 0, which is equivalent to Ffj (p) = 0. The
Christoffel symbols are

1 m
Ml = 59 (akgjm N amgjk). (40.22)
In normal coordinates at the point p,
1
O, = 5o (aiakgjm + 0:0; Gim — aiamgjk). (40.23)
We then have at p
1
R = §5lm <3i3k9jm — 00m3jr — 0j0kGim + 8j8mgik)- (40.24)

Lowering an index, we have at p

1
Rijr = ~5 <8z‘akgjl — 0;019;1 — 0;0kgu + @algik)

- % ((92 . g). (40.25)
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The ® symbol is the Kulkarni-Nomizu product, which takes 2 symmetric (0, 2) tensors
and gives a (0,4) tensor with the same algebraic symmetries of the curvature tensor,
and is defined by

A® B(X,Y,Z,W) =A(X, Z)B(Y,W) — A(Y, Z)B(X, W)
— A(X,W)B(Y, Z) + A(Y,W)B(X, Z).
To remember: the first term is A(X, Z)B(Y, W), skew symmetrize in X and Y to get

the second term. Then skew-symmetrize both of these in Z and W.

40.2 Sectional curvature, Ricci tensor, and scalar curvature

Let II C T,,M be a 2-plane, and let X,,, Y, € T,M span II. Then

B Rm(X,Y,X,Y) B g(R(X, Y)Y, X)
N g(X,X)g(Y, Y) - g(X7Y)2 N g(X7X)g(Y7 Y) - g(X7Y)2’

K(IT) (40.26)

is independent of the particular chosen basis for I, and is called the sectional curvature
of the 2-plane II. The sectional curvatures in fact determine the full curvature tensor:

Proposition 40.2. Let Rm and Rm' be two (0,4)-curvature tensors which satisfy
K(IT) = K'(IT) for all 2-planes 11, then Rm = Rm/.

Proof. To be completed. n

From this proposition, if K (IT) = kg is constant for all 2-planes II, then we must
have

Bm(X,Y, Z,W) = ko(9(X. Z)g(Y, W) = g(¥, Z)g(X, W), (40.27)
That is
ko
Rm = 59 D g. (40.28)

In coordinates, this is
Rijii = ko(Gikgj1 — 9jkir)- (40.29)
We define the Ricci tensor as the (0, 2)-tensor
Ric(X,Y) =tr(U —» R(U,X)Y). (40.30)
We clearly have
Ric(X,Y) = R(Y, X), (40.31)
so Ric € T(S*(T*M)). We let R;; denote the components of the Ricci tensor,

Ric = R;dz' ® dx', (40.32)
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where R;; = Rj;. From the definition,

Rij = Ryy;' = ¢ Rijmj.
Notice for a space of constant curvature, we have

Rj = g™ Rijin = kog™ (gir951 — gjxga) = (n — Dkogju,
or invariantly
Ric = (n — 1)kog.

The Ricci endomorphism is defined by

Re(X) = ﬁ(Rz’c(X, ))
The scalar curvature is defined as the trace of the Ricci endomorphism

R =tr(X — Re(X)).
In coordinates,

R=g"R,, = gpqgllepmq_

Note for a space of constant curvature kg,

R =n(n—1)k.

41 Lecture 41

41.1 Spaces of constant curvature

Recall the Jacobi equation:

D2
—J+ R(J, %)y =0.
o TR

Obviously, (at + b)7 is a Jacobi field for any constants a and b.

(40.33)

(40.34)

(40.35)

(40.36)

(40.37)

(40.38)

(40.39)

(41.1)

Proposition 41.1. Let (M, g) have constant curvature ko, and v be a unit speed
geodesic. Then the Jacobi Fields along v which vanish at t = 0 and which are or-
thogonal to % are given by f(t)E where E is a parallel normal field, and f is given

by

Ct ko =0
[ =< Csin(Vky - t) ko > 0.
CSiHh(\/ —kq - t) ko <0
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Proof. Let E be a parallel normal vector field along v, and consider f(¢)E. Since g
has constant curvature ko, from (40.27) above, we have

R(E,3)7 = —ko((E, 7)Y = (1, 1) E) = ko E, (41.3)

since by assumption £ is orthogonal to 7, and 7 is a unit speed geodesic. Plugging
this into the Jacobi equation,

(f + ko f)E =0, (41.4)
which has the stated solutions. OJ

Corollary 41.2. If g has constant curvature kg, then in radial normal coordinates
the metric has the form

dT2 + TQQSn—l ]{ZO =0
g=<dr’+ % sin?(v/ko - 7)ggn-1 ko > 0. (41.5)
dr2+‘k—10|sinh2(\/|k0\ 'T)ggn—l ]{70 <0

Proof. Pulling the metric back to 7,,M using the exponential map, we have a metric
on T, M for which lines through the origin are geodesics. Consider the map (s,t) =
t&(s), where £(s) is any curve. For s fixed, this is a geodesic, so is a l-parameter
variation of geodesics. Call £(0) = a and £'(0) = 8. From above, we see that

0

0s ' 1s=0

is a Jacobi field along the geodesic t — ta. From Proposition 33.1, we already know
that the metric in radial normal coordinates has the form (33.4). So assume that [ is
orthogonal to « in the Euclidean metric, and that |a] = 1. We claim that the Jacobi
Field ¢S is orthogonal to o along this geodesic. To see this we compute

— 18 (41.6)

%(g(tﬁ, a)) = g(%(tﬁ), oz) (since «v is parallel) (41.7)
= g(—R(tB,a)a,a) =0, (41.8)

from the skew-symmetry of the curvature tensor. This obviously implies that g(3, «)
is constant in ¢, and must vanish identically since it vanishes at the origin. From
Proposition 41.1 we conclude that

CtE ko =0
t8 =< Csin(vky - t)E ko >0, (41.9)
CSiIlh(\/ —ko - t)E ko <O
where F is parallel.
If ko = 0, this says that [ is a parallel normal field. In particular, |3| is indepen-

dent of the radius, and |3|(ra) = |5](0). So the metric in normal cordinates is the
Euclidean metric everywhere, which has the stated form in radial coordinates.
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If kg > 0, then
t

e 3 (41.10)

is parallel, which implies that

 sin(vko - )
Bl(ra) = 020D 5)0) (a1.11)

In radial coordinates, the metric on the sphere of radius r pulls pack to r2ggn-1, so

the 7 cancels out and we arrive at (41.5). A similar argument holds in the ky < 0
case. [l

This implies that any two space forms of the same constant curvature are locally
isometric, but not necessarily globally! The above coordinate system can fail for two
reasons. First, one can hit the cut locus, in which case the coordinate system is not
injective. Second, the expression for the metric can become degenerate, this is called
a conjugate point. Discuss the cut locus in a few examples, such as tori, spheres,
projective spaces, lens spaces.

In general, we have the following:

Theorem 41.3. If (M, g) is simply-connected and constant sectional curvature K =
0,1,—1 then (M, g) is isometric to Fuclidean space, S™ with the round metric, or
hyperbolic space H™.

42 Lecture 42

42.1 Theorem of Bonnet-Myers

Theorem 42.1. If (M, g) is complete and Ric > “Zg for a constant a > 0, then the
diameter diam, < wa and m (M) is finite.

Proof. Let v : [0,1] — M be a geodesic of length L. Plug in sin(nt)P;, where P; is
parallel orthonormal frame field into the second variation formula, and then take a

sum. to see that the index will be positive if L > wa. Then v could not be minimizing
by Theorem 37.3. O]

42.2 Taylor expansion of a metric in normal coordinates

Theorem 42.2. In normal coordinates, a metric g admits the expansion
1 k.l 3

as x — 0, where all coefficients are evaluated at 0.
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Proof. To compute this, we argue as in the proof of Corollary 41.2. Choose (3 orthog-
onal to «v in the Euclidean metric, and assume that || = 1. Then J =t is a Jacobi
field along the geodesic t — ta. We want to expand the function f(t) = g(¢5,t5)(ta)
as a function of t. Obviously, f(0) = 0, and

Of =0i(g(J,J)) =29(DyJ, J). (42.2)
Evaluating at 0, f'(0) = 0, since J(0) = 0. Next,
07 g(J,J) =29(D;J,J) + 2g(D.J, D;J). (42.3)
Evaluating (42.3) at 0, since J(0) = 0, and D,J = /3, we have

f"(0) = 2go(8, B), (42.4)

where gy denotes the Euclidean metric at the origin.
To simplify notation, we will let R, denote the endomorphism J — R(«, J)a, so
we can write

929(J, J) = 29(Ra(J), J) + 2g(DyJ, D, J). (42.5)
Note that R, is self-adjoint, i.e.,
9(R(X),Y)=g(R(er, X)a,Y) = g(R(e,Y)a, X) = g(X, R,Y ), (42.6)

from the symmetry of the curvature tensor (40.6).
Differentiating (42.3),

02 (g(J,J)) =29(D?J, J) +69(D?J,D,J). (42.7)

Evaluating at 0, since J(0) = 0, and D?J = R,(J), we have

£7(0) = 0. (42.8)
Differentiating (42.7),
0t g(J, J)) = 29(D}J, J) + 8g(D} J, DiJ) + 6g(D;J, D?J). (42.9)
Note that
D}J = Dy(D}?J) = Dy(Ro(J)) = (DiRo)(J) + Ro(DyJ). (42.10)

Evaluating (42.9) at t = 0, we obtain

FU(0) = 8g0(Ral(B), B)- (42.11)

Performing a Taylor expansion around ¢ = 0, we have shown that
t2
9(8, B)(ter) = 90(8, B) + 5 90(Ra(B), B) + O(") (42.12)
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ast — 0. We let a = (2'/)9;, and 8 = 570;. The first term on the right hand side
of (42.12) is simply

90(B,B) = 5z’j6iﬁj~ (42.13)
The second term on the right hand side of (42.12) is

t? t?
3 90(Ra(B), B) = 7 g0(R(a, fa, B) (42.14)
= %go(R(x’“ak, B'0;)2' oy, B70;) (42.15)

1 o

= gxklekum(Smjﬁzﬁj (42.16)
= %Rmﬂxkxlﬁiﬁj . (42.17)

]

43 Lecture 43

43.1 Covariant derivatives of tensor fields

Let E and E’ be vector bundles over M, with covariant derivative operators V, and
V', respectively. The covariant derivative operators in F ® E’ and Hom(FE, E') are

Vx(s®s)=(Vxs)®s +s® (Vs (43.1)

(VxL)(s) = Vx(L(s)) = L(Vxs), (43.2)

for s € I'(E),s € T'(F'), and L € I'(Hom(E, E')). Note also that the covariant
derivative operator in A(F) is given by

T

Vx(si A As) =Y s1A--A(Vxsi) AeeAs,, (43.3)

=1

for s, € I'(E).
These rules imply that if 7" is an (r, s) tensor, then the covariant derivative VT
is an (r, s + 1) tensor given by

VT(X, Yy, Y)) = Vx(T(Vy,. . Vo) = Y T(Yi,.., VxYi, Vo). (434)
=1

We next consider the above definitions in components for (r, s)-tensors. For the case
of a vector field X € I'(TM), VX is a (1,1) tensor field. By the definition of a

connection, we have

VX =V, X =V, (X70;) = (0,X7)0; + X'T}, ;0 = (VX' + X'T,,))0;. (43.5)
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In other words,

VX =V, X (d2" ® 8;), (43.6)
where
VX' =0, X"+ X'TE . (43.7)
However, for a 1-form w, (43.2) implies that
Vw = (V,w;)dz™ @ da’, (43.8)
with
Vi = Opw; — wilh . (43.9)

The definition (43.1) then implies that for a general (r, s)-tensor field S,

V,,Silir = g Gitdr  Glizdrpin 4y gl

J1--Js J1---Js ,Zi ,Zs l ]lil,]si 77741 (4310)
— et L — e e e — Lt .
Slj2~-~jsrmjl SJL--Js—llFsz'

Remark 43.1. Some authors instead write covariant derivatives with a semi-colon

J1---Js JiJs;im”

However, the V notation fits nicer with our conventions, since the first index is the
direction of covariant differentiation.

Notice the following calculation,
(Vo) (X, Y, Z)=Xg(Y,Z) — g(VxY,Z) — g(Y,VxZ) =0, (43.12)
so the metric is parallel. Note that in coordinates, this says that
0= Vmgij = Ongij = Unidpi — Unjiv: (43.13)

which yield the formula

Ogij = I0.gp; + F,’zjgip. (43.14)
This is sometimes written as
where [ij; k| are called the Christoffel symbols of the first kind defined by
. 1

Next, let I : TM — T'M denote the identity map, which is naturally a (1, 1) tensor.
We have

(VI)(X,Y) = Vx(I(Y)) = I(VxY) = VyY — VY =0, (43.17)

so the identity map is also parallel.
Note that the following statements are equivalent
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e b€ Hom(TM,T*M) is parallel
e b commutes with covariant differentiation.
o V,u(9i;X7) = gij Vi X7.
Similarly, the induced metric on T*M is parallel, and the following are equivalent.
o i€ Hom(T*M,TM) is parallel
e f commutes with covariant differentiation.
o Vilg7w)) = g¥Vimw;.
Finally, note that the following are equivalent
e Tr mapping from (p, ¢)-tensors to (p — 1,¢ — 1) tensors is parallel.
e T'r commutes with covariant differentiation.

° vm<¥;¥Mm>::5£VmXﬁhm

Jij2.. Jijz.--"

43.2 Double covariant derivatives
For an (r, s) tensor field 7', we will write the double covariant derivative as

VT = VVT, (43.18)
which is an (7, s + 2) tensor.

Proposition 43.2. If T is an (r, s)-tensor field, then the double covariant derivative
satisfies

VAT(X,Y, Zy,...,Zs) = Vx(NyT)(Zy,..., Z)) — (Voo T)(Z1,... Z,).  (43.19)
Proof. The left hand side of (43.19) is
VAT(X,Y, Zy, ..., 2) =V(NT)X,Y, Zy, ..., Z)
=Vx(VT'(Y,Z\,...,Z,)) = VT(VxY, Zy,..., Z)

s 43.20
=Y VT(Y,....VxZ,... Zy). (43.20)
=1
The right hand side of (43.19) is
Vx(VyT)(Zy,.... Z) — (Voo T) (24, ... Zy)
=Vx(VWI(Zy,....2)) = > (W) Z,...,VxZ,.... Z,)
i=1 (43.21)

—VT(VXY, Zy,..., Z).

The first term on the right hand side of (43.21) is the same as first term on the right
hand side of (43.20). The second term on the right hand side of (43.21) is the same as
third term on the right hand side of (43.20). Finally, the last term on the right hand
side of (43.21) is the same as the second term on the right hand side of (43.20). O
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Remark 43.3. When we write

ViV, T (43.22)

li...’L'S

we mean the components of the double covariant derivative of T" as a (r, s+ 2) tensor.
This does NOT mean to take one covariant derivative VT, plug in 0; to get an (r, s)
tensor, and then take a covariant derivative in the 9; direction; this would yield only
the first term on the right hand side of (43.19).

For illustration, let’s compute an example in coordinates. If w € Q'(M), then

ViVjwy, = 0i(Vjwy) — I Vywy — I Vjw,

(43.23)
= 0i(Ojwr, — Thpwr) — T (Bpwi — Dhywr) — T (95w, — Tl wie).
Expanding everything out, we can write this formally as
Viw = 0wy +Tx 0w+ (T + T x ) * w, (43.24)

where * denotes various tensor contractions. Notice that the coefficient of w on the
right looks similar to the curvature tensor in coordinates (40.21). This is closely
related to Weitzenbock formulas which we will discuss later.

44 Lecture 44

44.1 Commuting covariant derivatives
Let X,Y,Z € T'(T M), and compute using Proposition 43.2
V2Z(X,Y)-V?Z(Y,X) =Vx(VyZ) = Vv,vZ — Vy(VxZ) - Vy,x7Z

=Vx(VyZ)=Vy(VxZ) = Vy,v-vyxZ (44.1)
=Vx(VyZ) - Vy(VxZ) - VixyZ '
=R(X,Y)Z,
which is just the definition of the curvature tensor. In coordinates,
ViV, 28 =V;ViZ" + Ry, Y 2. (44.2)
We extend this to (p, 0)-tensor fields:
VI Z @ ®Z)X,Y) - V(2@ @ Z,) (Y, X)
=Vx(Vy(Z1®--® Z,)) = Vyw(Z1® - ® Z)
—Vy(Vx(Z1®---®Z,) = Vo, x(Z1®...® Z,
(44.3)

p P
ZVX<ZZI®"'VYZZ'®"'®Z;7>_ZZl®"'vVXYZi®"'®Zp
=1 i=1

p p
_VY<221®"'VXZi®"'®Zp>"’ZZl@"'VVyXZi@"'@Zp-
=1

=1
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With a slight abuse of notation, this may be rewritten as

VA2 @@ Z)(X,Y) - VA2 ®- - 8 Z,)(Y, X)

p p
:Z Z Zl®VXZj®"'vYZi®"'®ZP

i=1 i=1i#]

p p
>3 zeWwze- ViZie- 02
j=1i= 1z‘¢j (44.4>

+ZZl vay—VYvX_v[XY) ; & - '®Zp

_Zzl CRRX,YVZi® - @ 2,

In coordinates, this is

p
ViV, Z0 i = VN 20 4 Y R, 70 ik, (44.5)
k=1

Proposition 44.1. For a 1-form w, we have
V2w(X,Y,Z) = V(Y. X, Z) = w(R(Y, X)Z). (44.6)
Proof. Using Proposition 43.2, we compute
V2w(X,Y,Z) - VY, X, Z)
= Vx(Vyw)(Z) = (Vyyw)(Z) = Vy(Vxw)(Z) = (Vy, xw)(Z)
= X(Vyw(Z)) = Vyw(VxZ) = VxY(w(Z)) + w(Vy.vZ)
—Y(Vxw(Z)) + Vxw(VyZ) + Vy X (w(Z)) — w(Vv,xZ)
= X(Vyw(Z)) =Y (w(VxZ))+w(VyVxZ) = VxY(w(Z)) + w(VyyvZ)
—Y(Vxw(Z))+ X(w(VyZ2)) —w(VxVyZ)+ VyX(w(Z)) —w(Vy,xZ)
_ w(vyvxz —VxVyZ + v[mz) X (Vyw(2)) - Y(w(VxZ)) — ViY (w(Z))

— Y (Vxw(Z)) + X (w(Vy2)) + Vy X (w(Z)).
(44.7)

The last six terms are
X(Vyw(2)) =Y (w(VxZ)) - VxY(w(Z2))
—Y(Vxw(Z2))+ X (w(VyZ)) + VyX(w(Z))

(
= X(Y(@(2) ~w(Vy2)) = Y(@(Vx2) - (X, V]@(Z)) (148
( )

Y (X((2) — w(Vx2)) + X(@(VyZ
=0.
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Remark 44.2. It would have been a lot easier to assume we were in normal coordi-
nates, and ignore terms involving first covariant derivatives of the vector fields, but
we did the above for illustration.

In coordinates, this formula becomes

Vivjwk = Vjviwk — Rijkpwp' (449)

As above, we can extend this to (0, s) tensors using the tensor product, in an almost
identical calculation to the (r,0) tensor case. Finally, putting everything together,
the analogous formula in coordinates for a general (7, s)-tensor T is

J1---Js J1---Js J1---Js J1eeJk—1MJk+1---Js "

T S
T il YT X7 gl U= 1Mk 10 M ..ir
ViV Tl = VTt + Y Ry, T, > Ry, "
k=1 k=1

(44.10)

44.2 Gradient, Hessian, and Laplacian

As an example of the above, we consider the Hessian of a function. For f € C*(M,R),
the gradient is defined as

Vf=1tdf), (44.11)

which is a vector field. This is standard notation, although in our notation above,
V f = df, where this V denotes the covariant derivative. The Hessian is the (0,2)-
tensor defined by the double covariant derivative of a function, which by Proposi-
tion 43.2 is given by

VEA(XY) = Vx(Vyf) = Vo f = XY )= (VxY)/. (44.12)

In components, this formula is
V2f(0;,0;) = ViV, f = 0:0;f — Ffj(ﬁkf). (44.13)

The symmetry of the Hessian
V2F(X,Y) = V2f(Y, X), (44.14)

then follows easily from the symmetry of the Riemannian connection. Notice that no
curvature terms appear in this formula, which happens only in this special case.

The Laplacian of a function is the trace of the Hessian when considered as an
endomorphism,

Af =tr(X = H(V?f(X,), (44.15)
so in coordinates is given by

Af = g"V,V,;f. (44.16)
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This turns out to be equal to
1

Af = ——=0;(g"0;f+/det(g)). (44.17)

det(g)

In a local orthonormal frame {e;},7 = 1...n, the formula for the Hessian looks like

(VQf)(ei7 ej) - vei(vejf) - Vveiejf

(44.18)
=ei(e;f) — (Ve)/f,
and the Laplacian is given by the expression
Af = ZVQf(ei, e;) = Zez eif) — Z e.€i)f (44.19)
=1 =1 =1

44.3 Differential Bianchi Identity

Higher covariant derivatives of the curvature tensor must satisfy certain identities,
the first of which is the following, which is known as the differential Bianchi identity.

Proposition 44.3. The covariant derivative of the curvature tensor VRm satisfies
the relation

VRm(X,Y,Z,V,W)+VRm(Y, Z,X,V,W) + VRm(Z, X,Y,V,W) = 0. (44.20)

Proof. Since the equation is tensorial, we can compute in a normal coordinate system
near a point p, letting the vector fields be the coordinate partials. This means we
can ignore terms involving only first covariant derivatives of the vector fields. Also,
Lie brackets can be ignored since they vanish identically in a neighborhood of p. We
compute

VRm(X,Y,Z,V,W) + VRm(Y, Z, X,V,W) + VRm(Z, X,Y,V,W)
— X(Rm(Y, Z,V,W)) + Y(Rm(Z, X, V,W)) + Z(Rm(X,Y,V,W))
— _X(R(Y,Z)V,W) — Y(R(Z, X)V,W) — ZIR(X,Y)V, W)
~(VAR(Y, Z)V, W) — (VyR(Z, X)V, W) — (V,R(X, Y)V, 1)
AV Vy ViV = ViV VW) — (VyV, VsV — Vy WV VW) (44.21)
—(VzVxVyV = V,VyVxV, W)
= —(VxVyVzV = VyVxV V. W) = (VyVVxV = V;Vy VXV, W)
—(VzVxVyV = VxVVyV, W)
= Rm(X,Y,V VW) + Rm(Y,Z,VxV,W)+ Rm(Z, X, VyV,W) = 0.

In coordinates, this is equivalent to

ViRjklm + ijkilm + kaijlm =0. (44.22)
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Let us raise an index,

V.R;

Tkm

'+ V,Ryim! + ViR, = 0. (44.23)

ijm

Contract on the indices ¢ and [,

0= ViR + ViR + ViR = ViR = Vi Rim 4+ ViRjm. (44.24)
This yields the Bianchi identity
ViR = ViRim — ViRjm. (44.25)
In invariant notation, this is sometimes written as
6R = d¥ Ric, (44.26)
where d¥ : S?(T*M) — A*(T*M) ® T*M, is defined by
dVh(X,Y,Z) =Vh(X,Y,Z) - VhY, Z X), (44.27)
and 0 is the divergence operator.
Next, trace (44.25) on the indices k and m,
9" ViRt = 9"V iR — ¢V Rjm. (44.28)

Since the metric is parallel, we can move the ¢*™ terms inside,
Vig"" R’ = V9" Rk — Vg™ Rjmm. (44.29)
The left hand side is
Vig" Rt = V19" 9" Ritopm

— V197" Rygm (44.30)
= V9" R, = ViR
So we have the Bianchi identity
2V,R. = V,R. (44.31)
Invariantly, this can be written
ORc = %dR. (44.32)

Corollary 44.4. Let (M,g) be a connected Riemannian manifold. If n > 2, and
there exists a function f € C*°(M) satisfying Ric = fg, then Ric = (n—1)kog, where
ko 18 a constant.

Proof. Taking a trace, we find that R = nf. Using (44.31), we have

R 2
2ViR) =2V, (8) = ViR = ViR (44.33)
n n

Since n > 2, we must have dR = 0, which implies that R, and therefore f, is
constant. O

A metric satisfying Ric = Ag for a constant A is called an Finstein metric.
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45 Lecture 45

45.1 The divergence of a tensor

If T is an (r, s)-tensor, we define the divergence of T, div T to be the (r,s — 1) tensor
(div T)(Yi, ..., Y1) = tr(X S H(VT)(X, Y ,Ys_l)), (45.1)

that is, we trace the covariant derivative on the first two covariant indices. In coor-
dinates, this is

(div T)+r = g, it (45.2)

Ji-Js—1 Ji1--Js—1°

Using an local orthonormal frame {e;},i = 1...n, the divergence can also be written
as

n

(div T)(Y, ... Yeo1) = ) (Ve T)(en Ya, ..., Yirn). (45.3)

i=1
If X is a vector field, define
(div X) = tr(VX), (45.4)
which is in coordinates
d1VX—6’V X =vV,;X. (45.5)
For vector fields and 1-forms, these two are of course closely related:

Proposition 45.1. For a vector field X,

div X = div (bX). (45.6)

Proof. We compute
div X = iV, X7 = 6iV,¢"' X, = 6ig/'V; X) = ¢"V: X, = div (0X). (45.7)
O

In a local orthonormal frame {e;},i = 1...n, the divergence of a 1-form is given
by

n

divw = Z(Veiw)(ei>
i=1 (45.8)

—Zel w(e;) —OJ(ZVQG@),

whereas the divergence of a vector field is given by

div X =) (V. X, e;). (45.9)

=1
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45.2 Volume element and Hodge star

If M is oriented, we define the Riemannian volume element dV to be the oriented
unit norm element of A"(T*M,). Equivalently, if w!,... w" is a positively oriented
ONB of T*M,, then

dV =w A AW™ (45.10)

dV = y/det(g;;)dx' A -+ A da". (45.11)

Recall the Hodge star operator * : AP — AP defined by

In coordinates,

aAx*xf = (a,[)dV,, (45.12)
where a, 5 € AP.

Remark 45.2. The inner product in (45.12) is the inner product on p-forms, not the
tensor inner product.

The folowing proposition summarizes the main properties of the Hodge star op-
erator that we will require.

Proposition 45.3. The Hodge star operator satisfies the following.

1. The Hodge star is an isometry from AP to A"7P.

2. x(W A AwP) = wPTE A AW Wl L W™ s a positively oriented ONB of
T*M,. In particular, x1 = dV, and xdV = 1.

3. On AP, #2 = (—1)p(—p),

4. For a, 8 € AP,
{a, B) = (e A %) = *(8 A *«). (45.13)
5. If {e;} and {w'} are dual ONB of T,M, and T*M, respectively, and o € AP,
then
# (W A @) = (=1)Pi, (xa), (45.14)

where ix : AP — AP~1 is interior multiplication defined by

ix()é(Xl,...,Xp,1> :OC(X,Xl,...,prl). (4515)

6. For a € QP(M), in a coordinate system,

|
(*a)iln-in—p = ]7!04]1“039 det(g)ejl..-jpil.uin—p7 (4516)
where the € symbol is equal to 1 if (j1,. .., Jp, 01, -, in—p) 1S an even permutation
of (1,...,n), equal to —1 if it is an odd permutation, and zero otherwise.
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Proof. The proof is left to the reader. m

Remark 45.4. Note that interior multiplication is not canonically defined — it de-
pends upon our identification of p-forms with alternating tensors of type (0, p).

Remark 45.5. In general, locally there will be two different Hodge star operators,
depending upon the two different choices of local orientation. FEach will extend to a
global Hodge star operator if and only if M is orientable. However, one can still con-
struct global operators using the Hodge star, even if M 1is non-orientable, an example
of which will be the Laplacian.

45.3 Exterior derivative and covariant differentiation
We next give a formula relating the exterior derivative and covariant differentiation.

Proposition 45.6. The exterior derivative d : QP — QP! is given by

dw(Xo, ..., X,) = Xp:(—nj(vxjw)(xo, XX, (45.17)

J=0

(recall the notation means that the X; term is omitted). If {e;} and {w'} are dual
ONB of T,M, and Ty M, then this may be written

dw = Zwi AVe,w. (45.18)
i=1
In coordinates, this is
p .
(d)igiy = > (—1PViw o . (45.19)
j=0

Proof. Recall the formula for the exterior derivative [War83, Proposition 2.25],
p

dwo(Xo, -, Xp) = 3 (1P X (w(Xo, o Ky X))

~

j=0
+ Z(—l)i_‘—jW([Xi,Xj],Xo, ce 7Xi7 ce ,Xj, ce ,Xp).

1<j

Since both sides of the equation (45.17) are tensors, we may assume that [X;, X;], = 0,
at a fixed point . Since the connection is Riemannian, we also have Vyx, X;(x) = 0.
We then compute at the point z.

dw(Xo, .., X,) (@) = Y (~1)X; (w(XO, X ,Xp))(:z:)
0 (45.21)
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using the definition of the covariant derivative. This proves the first formula (45.17).
The formula (45.19) is just (45.17) in a coordinate system.
For (45.18), note that

Vx,w = V(x,)ew Zw (Vew), (45.22)
so we have
P n
dw(Xo, ..., Xp) =Y (1) > W (X)) (Vew)(Xo, ..., X, ..., X,)
7=0 i=1 (45.23)
= (W AVow)(Xo, ..., Xp),
where we used (1.21) to obtain the last equality. O

46 Lecture 46

46.1 The divergence theorem for a Riemannian manifold
We begin with a useful formula for the divergence of a vector field.
Proposition 46.1. For a vector field X,

x(div X) = (div X)dV = d(ixdV) = Lx(dV). (46.1)
In a coordinate system, we have

div X = #(g)@ (Xi det(g)). (46.2)

Proof. Fix a point x € M, and let {e;} be an orthonormal basis of 7M. In a small
neighborhood of z, parallel translate this frame along radial geodesics. For such a
frame, we have Ve;j(x) = 0. Such a frame is called an adapted moving frame field
at z. Let {w'} denote the dual frame field. We have

L (dV) = (dix +ixd)dV = d(ixdV)
:Zwi/\vei(ix(wl/M--/\w”))
:Zwi/\vei«—l)j_lij(X)wl/\---/\oﬁzj/\-~~/\w")
_Z ))w AW A AT A"

= Zw (Ve, X)d

= (div X)dV = =(div X).

(46.3)
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Applying * to this formula, we have
div X = *d(ixdV)
= xd(ix/det(g)dz' A --- A dz™)

= *d( (=171 X7 /det(g)dax" /\...d&cj---/\da:")
0

3

Jj=1

(X /det(g))dazt A - A dx") (46.4)
i 1
9i(X \/det<g))—\/mdv)
1 7
VTIoR (x'v/det(9)).

= x

I
*
/N /N

O

Corollary 46.2. Let (M, g) be compact, orientable and with boundary OM. If X is
a vector field of class C, and f is a function of class C*, then

/(div X)fdv = —/ df(X)dV+/ (X,n)fdS, (46.5)
M M oM
where 7 is the outer unit normal. If w is a one-form of class C', then
/ (div w) fdV = —/ (w,df)dV +/ w(n)fds. (46.6)
M M oM
If u and v are functions of class C?, then
/(Au)vdV:—/ <Vu,Vv>dV+/ (Vu,n)vdS, (46.7)
M M oM
and
/ (Au)vdV — / W(Av)dV = / (Va,iyvdS — [ o(Va,addS.  (46.8)
M M oM oM

Consequently, if M is compact without boundary, then A is a self-adjoint operator.

Proof. We compute
d(fixdV) =df N (ixdV) + fd(ixdV). (46.9)

Using Stokes” Theorem and Proposition 46.1,

/ F(div X)dV + / A GixdV) = [ FixaV. (46.10)
M M oM

A computation like above shows that

df A (ixdV) = df(X)dV. (46.11)
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Next, on OM, decompose X = X7 + Xy into its tangential and normal components.
Then

Zde - dV(XT +XN7- . )
= dV((X,R)n,...) (46.12)
= (X, A)dS,

since the volume element on the boundary is dS = i,dV. The proof for 1-forms is the
dual argument. Green’s first formula (46.7) follows using Au = div(Vu), and Green’s
second formula (46.8) follows from (46.7). O

We point out the following. The formula (46.5), gives a nice way to derive the
coordinate formula for the divergence as follows. Fix a coordinate system, and assume
that X and f have compact support in these coordinates. Then

/Mf(div X)dv = —/Mdf(X)dV

—/M@Z-fdmi(Xjﬁj)\/det(g)dx
=— /n Oif X'\/det(g)dx (46.13)

/ 0, (Xl det(g ))dx
/f det(g))dV.

Since this is true for any f, we must have

div X = m@- (Xi det(g)>. (46.14)

This formula yields a slightly non-obvious formula for the contraction of the Christoffel
symbols on the upper and one lower index.

Corollary 46.3. The Christoffel symbols satisfy

1 1
Z I g 10;0p; = —=——==0;/det(g) = =0, logdet(g). (46.15)
V/det(g) 2
Proof. The first equality follows easily from the coordinate formula for the Christoffel
symbols (23.6). Next, on one hand, we have the formula
div X = V; X' = ;X" + T} X (46.16)
On the other hand we have

div X = 9,X° + m(a Vdet(g )Xp (46.17)

Since this is true for an arbitrary vector field X, the coefficient of X? must be the
same. [l
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Exercise 46.4. Prove the middle equality in (46.15) directly. (Hint: use Jacobi’s
formula for the derivative of a determinant.)

This also yields a useful formula for the Laplacian of a function.

Corollary 46.5. In a coordinate system, the Laplacian of a function is given by
1 .
Af = ——p, (gwaj f\/det(g)). (46.18)
det(g)
Proof. Since Af = div(V f), just let X* = ¢9,f in (46.14). O

46.2 Integration and adjoints
We begin with an integration-by-parts formula for (r, s)-tensor fields.

Proposition 46.6. Let (M, g) be compact and without boundary, T be an (r, s)-tensor
field, and S be a (r,s + 1) tensor field. Then

/ VT, S)dV = — / (T, div S$)dV. (46.19)

Proof. Let us view the inner product (7, S) as a 1-form w. In coordinates

w = (T, 8) = TIJsGirir i, (46.20)

1.0 Y JJ1.Ts

Note the indices on T" are reversed, since we are taking an inner product. Taking the
divergence, since g is parallel we compute

div (T, S)) = VI (T{* 7Sk )

1.0 M Jg1Ts
= VTS + T VIS, (46.21)
= (VT,S) + (T, div S).
The result then follows from Proposition 45.1 and Corollary 46.2. O]

Remark 46.7. Some authors define V* = —div. Then

/ (VT,S)dV = / (T, V*S)dV, (46.22)

M
so that V* is the formal L*-adjoint of V, for example [Pet06].

Recall the adjoint of d, § : QP — QP~1 is defined by
dw = (—1)"PHDFL g5 . (46.23)

Proposition 46.8. For (M,g) compact without boundary, the operator § is the L*
adjoint of d,

| @asav = [ (a.asav. (16.24)

where o € QP(M), and B € QP~1(M).
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Proof. We compute

/M<oz,d6)dV:/Md/B/\*a
:/M<d(ﬁA*a)+(—1)pﬂ/\d*a>

= / (—=1)Pr=PFDE=D G A % 5 d % o (46.25)
M

= / (B, (=1)"PHDH 4 dw a)dV
M

= /M<ﬁ,(5a>dV.

O

We note the following. If o € QP(T*M), then we can define the divergence
operator div : QP(M) — QP~1(M) as follows.

div o =) i, Ve, o (46.26)

j=1
This is a well-defined global operator div : (M) — QP~1(M), and agrees with our
previous definition of div under our identification of p-forms with alternating tensors.

To see this, fix a point x € M, and let {e;} and {w'} denote an adapted orthonormal
frame field at . Recall that p-form is written as

1 i ;
o= Z Qi W A AW (46.27)

1<y g, yip<n

So then (46.26), evaluated at x, is

) 1 . C o i
diva = — Z Zej(ailmip)zej(wl Ao Aw')

" 1<y g, ip<n j=1

1 n P o —~ .
= Y D) DD A AR A A W)

p: 1<i1,i2,.yip<n j=1 k=1

1

p
ol Z Zeik(ailmip)(_l)k_l(wil Ao AWk A A wip>

T 1<i1,i2,ip<n k=1

- (p—1 D2 el )W A AW,

T 1<in,i2,eip—1<n k=1

(46.28)

So the components of div « at = are

3

(div a) = > er(Qiy.ip_y)- (46.29)

k=1

1. 0p—1
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On the other hand, the alternating (0, p)-tensor corresponding to « is
a= > e @ Rwr, (46.30)
1<i1 g, ip<n

and the definition of div & from (45.2), evaluated at x, is

(div &)iy.,y = Zvejam iy = Ze] jiy iy 1) (46.31)

Consequently, our definitions agree. The next proposmon says that our divergence
operator agrees with the Hodge 0 operator, up to a sign, a fact which is not at all
obvious.

Proposition 46.9. On QP, 6 = —div.
Proof. Let w € QF. Choose locally defined dual ONB {e;} and {w'}. We compute

(div w) E le; Ve,w

_ Z (—1)pn= (iej(* *(ve].w))>

= (1P (1) P (! A%V w) (46.32)
— (_1)(p+1)(nfp) Z *(wj A Vej(*w))
= (=)™ (xd % w).

[l

An alternative proof of the proposition is as follows. Assume that o € QP~1(M)
and § € QP(M) are supported in a coordinate system. Then using Proposition 46.8,
formula (45.19), and Proposition 46.6, we have

/M (o, 53)dV = / (da, B)dV
1

=1 ]| (@i gy

p—1
/ Z szJOélO iy 510 =1\
M

= ! vioail...ipfl ﬂiomipildv (4633>

(p— D!
= ﬁ/]\/‘[<vavﬁ>tendv
= ﬁ /M (o, —=div B)sendV
= /M<oz, —div B)dV.
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where (-, *)sen, denotes the tensor inner product. Thus both ¢ and —div are L? adjoints
of d. The result then follows from uniqueness of the L? adjoint.

Exercise 46.10. Try and prove Proposition 46.9 directly in coordinates, using the
coordinate formulas (45.2), (45.16), and (45.19).

47 Lecture 47

47.1 The Hodge Laplacian and the rough Laplacian

For T an (r, s)-tensor, the rough Laplacian is an (r, s) tensor given by

AT = div VT, (47.1)
and is given in coordinates by
(AT)} 5 = gV, T (47.2)

If we QP(M), the rough Laplacian is defined by
Aw=>) V.,V w, (47.3)
j=1

and this agrees with the rough Laplacian above under our identification of p-forms
with alternating tensors.
For w € QP we define the Hodge laplacian Ay : QP — QP by

Apgw = (dd + éd)w. (47.4)
We say a p-form is harmonic if it is in the kernel of Apy.

Proposition 47.1. If M is compact without boundary, then for T and S both (r,s)-
tensors,

/ (AT, S)dV = — / VT, VS)dV = / (T, AS)dV. (47.5)

M

For o, p € QP

/M (Apa, B)dV = /M (da, dBYAV + /M (6a, 6B)dV = /M (0, AgB)dV.  (47.6)

Consequently, a p-form is harmonic (Aga = 0) if and only if it is both closed and
co-closed (da =0 and 6ac = 0).
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Proof. Formula (47.5) is an application of (47.1) and Proposition 46.6. For the second,

from Proposition 46.8,

/M<AHoz,5>dv /((d5+5d)a,5>dv

E\

(5cx, 6B)dV +

!
:\:

— /M (a, AgB)dV.

The last statement follows easily by letting a = (§ in (47.6).

(dbav, BYdV + / (5dav, BYdV
M

/ (da, dBYAV
M
(o, d6B)dV + / (o, 5dB)dV

M

(47.7)

O

Note that A maps alternating (0, p) tensors to alternating (0, p) tensors, therefore
it induces a map A : QP — QP (note that on [Poo81, page 159] it is stated that
the rough Laplacian of an r-form is in general not an r-form, but this seems to be
incorrect). On p-forms, A and Ay are two self-adjoint linear second order differential
operators. How are they related? Next, we will look at the simplest case of 1-forms.

47.2 1-forms

Consider the case of 1-forms.

Proposition 47.2. Let w € QY(M).
Aw = —Ay(w) + Ric(fw, ),

and

1
g(Apgw,w) = §AH|w|2 + |Vw|? + Ric(fw, fw).

Proof. We compute
(0dw); = —g"V(dw)g;
= —g"V,(Vqwj — Vjwg)
= —g"VpVow; + gMV,pVjw,
= —Aw; + ¢"'V,V w,.
Next,
(dds), = (d( - 9"V,
= —V;(g"V,wy)
= —g"V;V,w,.
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Adding these together,
(Apgw); = —Aw; + g"(V,V; = V;V, )w,
= —ij' + gpq(—Rquiwi)
= —Awj — g"(Rpjigw’)
= —ij' + Rijwi,

(47.12)

recalling that our convention is to lower the upper index of the (1,3) curvature tensor
to the third position. This proves (47.8).
Next, we claim that

1
—g(Aw,w) = §AH|w|2 + | Vw/?. (47.13)
To see this, compute

Aglw]* = —g" V.V (g7 wiw;)
= _gklgijvk((vlwi)wj + wivle)

e (47.14)
=g gZJ ((Vkvlwi)wj + Vlwivkwj + kaivle + wivkvle-)
= —2¢(Aw,w) — 2|Vwl|?.
Pairing (47.8) with w and using (47.13) proves (47.9). O

Theorem 47.3 (Bochner). If (M, g) is compact and has positive semi-definite Ricci
curvature, then any harmonic 1-form is parallel. In this case by(M) < n. If, in

addition, Ric is positive definite at some point, then any harmonic 1-form is trivial.
In this case by (M) = 0.

Proof. If w satisfies Ayw = 0, then integrating (47.9) and using the divergence theo-
rem yields

0:/M|Vw| dV+/MRic(jjw,jjw)dV. (47.15)

This clearly implies that Vw = 0, thus w is parallel, so is determined everywhere
by its value at any point. If in addition Ric is strictly positive somewhere, w must
vanish identically. The conclusion on the first Betti number follows from the Hodge
Theorem. O

47.3 Killing vector fields
Proposition 47.4. For a vector field X,

9(VyX,Z)+g(Y,VzX) = Lxg(Y, Z), (47.16)
and
tr(Lxg) =2 div(X). (47.17)
In coordinates
(EXg)Z.j = gjerL'Xk + giijXk. (47.18)

102



Proof. Recalling the formula for the Lie derivative of a (0,2) tensor,

Lxg(Y,Z)=X(g(Y,Z)) - g([X,Y], Z) — g(Y,[X, Z])
X(9(Y,2)) = g(VxY =VyX,Z) = g(Y,VxZ — VzX)
=9(Vy X, Z) +g(Y,VzX) + X(g(Y, Z)) — g(VxY,Z) — g(Y,VxZ)
=g(Vy X, Z) + g(Y, V2 X).
(47.19)
noting that the 3 latter terms vanish since g is parallel, which proves (47.16). O

A vector field X is a Killing field if the 1-parameter group of local diffeomorphisms
generated by X consists of local isometries of g.

Proposition 47.5. A vector field is a Killing field if and only if Lxg = 0.

Proof. Let ¢, denote the 1-parameter group of X,

d, . d, .
E(stg) . = £(¢s+t9>‘0

o d (47.20)
= 6i-(6%9)|
= ¢; Lxyg.

It follows that ¢;g = g for every t if and only if Lxg = 0. O]

Note that, in particular, a Killing field is divergence free. We next have a formula
due to Bochner

Proposition 47.6. Let w € Q'(M).
div(Lxg) =b(AX) + d(div X) + Ric(X, "), (47.21)
and
div(Lxg)(X) = %A]XF — |VX > + X(div X) + Ric(X, X). (47.22)

Proof. We compute

(div(Lxg)); = ¢""Vp(Lxg)gs
= g™V, (gjkquk + quvak)
= g"9;.V,V X5 + g" g V,V,; X" (47.23)
= gi(AX) + 64(V;V, X" + R, X"
= gix(AX) + V;(div X) + Rj X",

which proves (47.21).
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Next, we claim that
1
g(AX, X) = 5A|X|2 — VX2 (47.24)

To see this, compute

A|X|2 = gklvkvz(ginin)
= g"g;; Vi (ViX) X7 + X'V, X7)

g S : . . , , , 47.25
= g"g" (ViVIX) X7 + VX'V X7 + V. X'V, X7 + X'V, VX ( )
=29(AX, X) +2|VX|%.

Pairing (47.21) with X and using (47.24) proves (47.22).
[

We next have

Corollary 47.7. Let (M, g) be compact, and X be a Killing field. If Ric is negative
semidefinite, then X is parallel and Ric(X,X) = 0. If, in addition, the Ricci tensor
18 negative definite at some point, then X = 0.

Proof. 1f X is Killing, then by (47.17), div X = 0. Integrating (47.22) over M yields
/ Ric(X, X)dV —/ IVX|?dV = 0. (47.26)
M M

If Ric is negative semidefinite, then clearly VX = 0, so X is parallel. It also folows
from this that if Ric is negative definite somewhere, then X = 0. 0

Corollary 47.8. Let (M, g) be compact, and let Iso(M, g) denote the isometry group
of (M, g). If (M, g) has negative semi-definite Ricci tensor, then dim(Iso(M,g)) < n.
If, in addition, the Ricci tensor is negative definite at some point, then Iso(M,g) is
finite.

Proof. We recall that the isometry group of a compact Riemannian manifold is a
compact Lie group with Lie algebra the space of Killing vector fields with the Lie
bracket. If the isometry group is not finite, then there exists a non-trivial 1-parameter
group {¢;} of isometries. By Proposition 47.5, this generates a non-trivial Killing
vector field. From Corollary 47.7, X is parallel and Ric(X,X) = 0. Since X is
parallel, it is determined by its value at a single point, so the dimension of the space
of Killing vector fields is less than n, which implies that dim(Iso(M, g)) < n. If Ric is
negative definite at some point x, then X = 0 so there are no non-trivial Killing fields.
Consequently, there are no nontrival 1-parameter groups of isometries, so Iso(M, g)
must be finite since it is a compact Lie group. O]

Note that an n-dimensional flat torus S! x --- x S! attains equality in the above
inequality. Note also that by Gauss-Bonnet, any metric on a surface of genus g > 2
must have a point of negative curvature, so any non-positively curved metric on a
surface of genus g > 2 must have finite isometry group.
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48 Lecture 48

We next generalize this to p-forms.

Definition 48.1. For w € QP we define a (0, p)-tensor field p,, by
n p
pw(Xla Ce ,Xp) = Z Z (RAp(@i,Xj)w> (Xl, ce ,Xj,l, ei,Xj+1, Ce ,Xp), (481)
i=1 j=1
where {e;} is an ONB at = € M.

Remark 48.2. Recall what this means. The Riemannian connection induces a met-
ric connection in the bundle A?(T*M). The curvature of this connection therefore
satisfies

Rav € F(A?(T*M) ®50(AP(T*M))). (48.2)
We leave it to the reader to show that (48.1) is well-defined.
The relation between the Laplacians is given by
Theorem 48.3. Let w € (. Then
Apgw = —Aw + py. (48.3)
We also have the formula
(Apw,w) = %AH|w|2 + [ Vw]? + {pu, w). (48.4)
Proof. Take w € QP and vector fields X,Y),...,Y,. We compute
(Vw —dw)(X,Y1,...,Y,) = (Vxw)(Y1,...,Y,) —dw(X,Y1,...,Y,) (48.5)

P
Zvyw (Yi,...,Y;_1, X, Yj,...,Y,),  (48.6)

using Proposition 45.6. Fix a pomt x € M. Assume that (VY;), = 0, by parallel
translating the values of Y; at x. Also take e; to be an adapted moving frame at p.
Using Proposition 46.9, we compute at z

(div Vw + 0dp) (Y, ..., Y,) =div (Vw — dw)(Y1,...,Y,)

—Z( (Ve = dw) ) (e, Vi, V)
_ Z (e(Ve = dw)) (€3, ., Yy)

n p
= ZZ@((VYJ-W)(YM o Yi,en Y, ,Y}o)

i=1 j=1

n p
=> D (Ve Vyw) Vi, Y6, Vi, V)

i=1 j=1
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We also have
p

dow(Yr,...,Y,) = > (=1 (Vy,0w)(Yr,...,Y],.... 1))
j=1

p

=> (1YY (Z(Vﬁ.w)(ei,}ﬁ, LY ,Yp)> (48.8)
j=1 i=1
n p
=D (W, Vew) Vi, Yoo e Vi, ..., V).
i=1 j=1

The commutator [e;, Y;|(z) = 0, since V., Y;(x) = 0, and Vy,e;(x) = 0, by our choice.
Consequently,

(Agw+ Aw)(Y7,...,Y,) = (Agw+div Vw)(Y3,...,Y,) = pu(Y1,....Y,). (48.9)
This proves (48.3). For (48.4), we compute at «

div Vw(Ya,...,Y,) =Y Ve (Vw)(e, Vi,...,Y,)

= alVew)(Yi.....Y,) s
= Z(Veiveiw)(y’l, .. 7}/;))

Next, again at x,
(—divVw,w) = — Z(Veiveiw,c@
= - Z €; (<v6iw7 (,U> - <V6iw7 Veiw>)

12' (48.11)
_ 2 2
= =5 > _(eielwl’) + |Vl

1
= §AH|W|2 + |Vwl|?.
O

Remark 48.4. The rough Laplacian is therefore “roughly” the Hodge Laplacian, up
to curvature terms. Note also in (48.4), the norms are tensor norms, since the right
hand side has the term |Vw|? and Vw is not a differential form. We are using (1.17)
to identify forms and alternating tensors.

49 Lecture 49

49.1 Manifolds with positive curvature operator

We begin with a general property of curvature in exterior bundles.
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Proposition 49.1. Let V be a connection in a vector bundle w: E — M. As before,
extend V to a connection in AP(E) by defining it on decomposable elements

p
Vx(si A Asp) =Y s1A--AVxsi Ao As,. (49.1)

=1

For vector fields X,Y, Rar(g)(X,Y) € End(AP(E)) acts as a derivation
Rarey(X, V) (51 A Asp) =D s1 A= ARg(X,Y)(5) A=+ Asp (49.2)

Proof. We prove for p = 2, the case of general p is left to the reader. Since this is a
tensor equation, we may assume that [X,Y] = 0. We compute

RA2(E)(X, Y)(Sl A 82) = Vva(Sl A\ 82) — VYVX(Sl A SQ)
=Vyx ((Vysl) NS94+ 81 A (VySg)) — Vy((VXsl) NS94+ 81 A (VX52)>

= (VXVY)Sl VAN So + VySl A VXSQ + szl VAN VYSQ + S1 A (vay)SQ (493)
— (Vva>81 A S9 — VX81 A VYSQ — VySl VAN VX82 — S1 A (VYVX)SQ

- (RV(X, Y)(31)> A sy + 51 A <Rv(X7 Y)(S2))-

0
We apply this to the bundle E = AP(T*M). Recall for a 1-form w,
ViVw = V;Viw — Ry k. (49.4)
In other words,
(R(Di, 9j)wh = — Ry "wi, (49.5)

where the left hand side means the curvature of the connection in 7% M, but the right
hand side is the Riemannian curvature tensor. For a p-form w € QP with components
Wi, ...i,, Proposition 49.1 says that

p
<RAP(60“ 65)(4&)) ) - — Z Raﬂlk lwil...ik_llik+1..-ip’ (496)

11...0p —1

where the left hand side now means the curvature of the connection in AP(7T*M).
Next, we look at p, in coordinates. It is written

p
(Pu)is iy = Z RA” )Zl...z'j,lujﬂ...z‘p' (49.7)
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Using (49.6), we may write p,, as

al
(pw dieip — — 9 E E : Ronjzk Wiy djo1lijg1.dp—1Migg1..9p

7=1 k=1,k#j

p (49.8)
gal Z Raij;nwil...ij71ml'j+1...ip
=1

Let us rewrite the above formula in an orthonormal basis,

pw Giodp — § § § Rlz]mzszl djo1lijypr g1 Migy..ip

I,;m=1 j=1 k=1,k#j

n p
+§ g RiimWiy . i;_ymijr iy

m=1 j=1

(49.9)

Using the algebraic Bianchi identity (40.18), this is
Rii;miy, + Rimigi; + Riigizm = 0, (49.10)
which yields
Riismi, — Bmijtiy, = Rimijiy - (49.11)
Substituting into (49.9) and using skew-symmetry,

12 P
(pw)ii...ip:_é E E E (Rlijmik.—Rmz‘jlik)Wil...ij,llijﬂ...ik,lmikH...z'p

Lm=1 j=1 k=1,k#j

mp
+§ E Ry mWiy..ij_ymig gy iy

m=1 j=1

n p p
1
= D) g g g lei]'ikwil...ij_1li]'+1...ik_lmik+1...ip

Iim=1 j=1 k=1,k#j

mp
+E E Ry mWiy . i;_ymij i

m=1 j=1

(49.12)

Theorem 49.2. If (M™,g) is closed and has non-negative curvature operator, then
any harmonic form is parallel. In this case, by(M) < (Z) If in addition, the curvature

operator is positive definite at some point, then any harmonic p-form is trivial for
p=1...n—1. In this case, b,(M) =0 forp=1...n—1.

Proof. Let w be a harmonic p-form. Integrating the Weitzenbock formula (48.4), we
obtain

0:/ va|2dv+/ (P, w)dV. (49.13)
M M
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It turns out the the second term is positive if the manifold has positive curvature
operator [Poo81, Chapter 4|, [Pet06, Chapter 7]. Thus |Vw| = 0 everywhere, so w
is parallel. A parallel form is determined by its value at a single point, so using the
Hodge Theorem, we obtain the first Betti number estimate. If the curvature operator
is positive definite at some point, then we see that w must vanish at that point, which
implies the second Betti number estimate. Note this only works for p =1...n — 1,
since p,, is zero in these cases. O

This says that all of the real cohomology of a manifold with positive curvature
operator vanishes except for H® and H°. We say that M is a rational homology
sphere (which necessarily has x(M) = 2). If M is simply-connected and has positive
curvature operator, then is M diffeomorphic to a sphere? In dimension 3 this was
answered affirmatively by Hamilton in [?]. Hamilton also proved the answer is yes
in dimension 4 [?]. Very recently, Bohm and Wilking have shown that the answer is
yes in all dimensions [?]. The technique is using the Ricci flow, which we will discuss
shortly.

We also mention that recently, Brendle and Schoen have shown that manifolds
with 1/4-pinched curvature are diffeomorphic to space forms, again using the Ricci
flow. If time permits, we will also discuss this later [?].

Remark 49.3. On 2-forms, the Weitzenbock formula is

(Apw)ij = —(Aw);; — Z Ripmijwim + Z Rimwmj + Z Rjmwim. (49.14)
Il,m m m

Through a careful analysis of the curvature terms, M. Berger was able to prove a
vanishing theorem for H?(M,R) provided that the sectional curvature is pinched
between 1 and 2(n —1)/(8n — 5) [?].

50 Lecture 50
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